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Abstract

We study the effects of idiosyncratic uncertainty on asset prices, investment, and welfare.

We consider an economy with two main components: under-diversification and endogenous,

countercyclical idiosyncratic risk. The equilibrium is subject to underinvestment and excessive

aggregate risk-taking. Inefficiencies stem from an idiosyncratic risk externality, as firms do not

internalize the effect of their investment decisions on the risk borne by others. Risk external-

ities depend on an idiosyncratic risk premium and a variance risk premium. We assess their

magnitude empirically. The optimal allocation can be implemented through financial regula-

tion using a tax benefit on debt and risk-weighted capital requirements.
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1. Introduction

There is significant under-diversification of idiosyncratic risk.1 Frictions in diversification en-

able idiosyncratic risk to affect asset prices, distort corporate investment and funding decisions,

and even create economy-wide fluctuations.2 Nonetheless, little is known about whether and

how policymakers could alleviate the inefficiencies created by idiosyncratic risk or respond to its

cyclical properties.

In this paper, we study the effects of idiosyncratic uncertainty on asset prices, investment, and

welfare. In particular, we consider the inefficiency of the equilibrium allocation and its policy im-

plications. We analyze this question in the context of a production asset-pricing model with two

main components: (i) under-diversification and (ii) endogenous and countercyclical idiosyncratic

risk. In the presence of under-diversification, idiosyncratic risk affects the economy’s pricing ker-

nel and, ultimately, investment. Moreover, the quantitative importance of these effects depends

on the degree of diversification in the economy. The endogenous cyclical properties of risk play

an important role, as they are shaped by investment decisions and influenced by regulation.

Our main result is that the economy is subject to a new form of pecuniary externality, which

we call idiosyncratic risk externalities: Firms do not internalize how their investment decisions

affect the level of idiosyncratic risk borne by others. Two implications of these risk externalities

are underinvestment and excessive aggregate risk-taking in a laissez-faire economy. Moreover, we

derive and apply sufficient statistics that resort to asset pricing data to quantify the importance of

these two forms of investment inefficiency. Finally, we show how financial regulation can be used

to address these inefficiencies.

We consider a two-period model with firms, investors, and workers. Firms allocate investment

across a riskless and a risky technology. The payoff of the risky technology is the only source of

aggregate risk. In the second period, firms combine capital with labor using a neoclassical pro-

duction function subject to idiosyncratic productivity shocks. Capital cannot be reallocated once

1Under-diversification is pervasive for entrepreneurs and outside investors. For example, Himmelberg et al. (2000)
document that entrepreneurs hold a large fraction of wealth in their own companies. Under-diversification in investors’
portfolios has been documented by Blume and Friend (1975), Kelly (1995), Polkovnichenko (2005), and Calvet et al.
(2007).

2See, for example, Herskovic et al. (2016) for the effects on asset prices; Angeletos and Calvet (2006) and Panousi
and Papanikolaou (2012) for the effects on investment; Chen et al. (2010) for the impact on capital structure; and Chen
and Strebulaev (2018) for the implications for idiosyncratic risk-taking. Idiosyncratic risk also plays an important role
in business cycle research (Bloom, 2009; Gabaix, 2011; Acemoglu et al., 2012; Christiano et al., 2014).
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it is installed. Investors and firms are located on a circle. Firms are subject to local productivity

shocks, but average productivity across all locations is constant.

In the first period, investors choose how much to consume and select an equity portfolio sub-

ject to a limited-participation constraint. Investors have access only to firms located in a given

neighborhood. This friction can be interpreted as capturing the fact that investors’ portfolios are

concentrated geographically, as documented by Ivković and Weisbenner (2005), or "nearby" firms

can be interpreted as those the investor knows about, as in Merton (1987). The size of the neigh-

borhood to which investors have access acts as a measure of diversification. For example, if an

investor has access to the whole circle, she would be able to perfectly diversify idiosyncratic risk.

At the other extreme, if an investor can invest only in a single firm, she would fully bear the

idiosyncratic risk of that firm, as, for example, in the entrepreneurship model of Chen et al. (2010).

In the second period, workers inelastically supply labor and consume the final good. Varia-

tions in the cost of labor lead to variations in a firm’s operating leverage, inducing endogenous

movements in idiosyncratic return volatility. The volatility of returns depends on two factors: i)

the dispersion in the volume produced, as determined by the exogenous volatility of productivity,

and ii) the profit margin, which is endogenous and varies with economic conditions. For exam-

ple, in bad times there is weaker demand for labor and lower labor costs, leading to higher profit

margins and higher idiosyncratic volatility. Therefore, return risk becomes countercyclical, consis-

tent with the evidence in, for example, Campbell et al. (2001). Moreover, our channel connecting

variations in firm-level risk to variations in labor costs is consistent with the recent cross-sectional

evidence in Donangelo et al. (2019).

This mechanism has important asset pricing implications. First, the model generates the syn-

chronized idiosyncratic volatility observed in Herskovic et al. (2016), even without an assumption

of state-dependent productivity dispersion. Second, the model generates a negative premium for

exposure to states where idiosyncratic volatility is high, consistent again with the evidence in Her-

skovic et al. (2016). This negative premium results from the stochastic discount factor (SDF) for

the economy being the product of a SDF for a representative-agent economy and a term that is in-

creasing in the level of idiosyncratic volatility. Given that the SDF increases with idiosyncratic risk,

assets that pay off more in states with high volatility command a negative premium. For essen-

tially the same reason, the model generates a positive idiosyncratic variance risk premium, that is,
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a positive difference between expected idiosyncratic variance under the risk-neutral and the phys-

ical probabilities. Multiple studies document a positive aggregate variance risk premium and, in

Section 4, we show evidence of an idiosyncratic variance risk premium.3 The expected return on

the firm’s equity can be decomposed into an aggregate risk premium, which is proportional to

the covariance of returns with aggregate consumption, and an idiosyncratic risk premium, which

is proportional to the level of idiosyncratic volatility. As in the original model of Merton (1987),

we find that, in equilibrium, idiosyncratic risk commands a positive premium. As the price of

idiosyncratic risk depends on the degree of under-diversification, we can estimate that degree, in

a necessary step to quantitatively assess the welfare implications of idiosyncratic risk.

The investment decisions of firms transmit these asset-pricing effects of under-diversification

to the real economy. Idiosyncratic risk leads to a reduction in aggregate risk-taking compared to

what occurs under perfect markets. This is because investors value the bad state of the world

relatively more in the under-diversified economy, given the countercyclicality of volatility and the

fact that the SDF increases with consumption dispersion. Additionally, this endogenous reduction

in aggregate risk-taking counterbalances the presence of idiosyncratic risk, resulting in an laissez-

faire investment level that can be either above or below the corresponding level in the first-best

economy.

We next consider the policy implications of the inefficiencies created by idiosyncratic risk. We

study the problem of a social planner that cannot directly control the degree of diversification in

private portfolios, but can affect the economy by regulating investment and risk-taking decisions.

This constraint reflects the fact that under-diversification may result from limited information or

frictions that are hard to be addressed directly by policy.4

Our main result is that, in the absence of interventions, the economy is constrained-inefficient.

In other words, even a planner who is constrained not to directly increase diversification can bring

about welfare improvements. The inefficiency results from a pecuniary externality in investment

decisions. First, firms do not internalize the fact that, as they (collectively) increase investment,

variable costs rise and operating leverage drops. This effectively reduces the idiosyncratic risk

3See, for example, Bollerslev et al. (2009) and Drechsler and Yaron (2010) for an analysis of the (aggregate) variance
risk premium and Zhou (2018) for a recent review of the related literature.

4Van Nieuwerburgh and Veldkamp (2010) show that under-diversification may result from an information acqui-
sition problem. Admati et al. (1994) and DeMarzo and Urošević (2006) study how the costs of under-diversification
should be balanced against the benefits of better monitoring.
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borne by others. A social planner internalizes this additional benefit of investment and perceives

underinvestment in the absence of intervention. Similarly, there is excessive aggregate risk-taking,

as firms do not internalize how an increase in risk-taking, by shifting resources from bad to good

states of the world, increases operating leverage and amplifies idiosyncratic risk when it is espe-

cially pronounced. A social planner would then take on less risk than agents in the laissez-faire

equilibrium. This occurs despite a private risk-taking level under laissez-faire that is below the

first-best. The direction of the intervention is therefore dictated by the externality, not by a com-

parison with the first-best.

We employ a sufficient-statistic approach to quantify investment inefficiencies. We derive mea-

sures of the welfare implications of alternative investment policies. These measures can be com-

puted directly from asset price data, circumventing the need to estimate the model’s complete

structure. We first derive an estimate of the welfare gains from an investment increase, starting

from a laissez-faire equilibrium. These welfare gains depend on the idiosyncratic risk premium

and the idiosyncratic variance risk premium. Similarly, we measure the impact of a reduction in

aggregate risk-taking. We show that the gains from this reduction depend on the idiosyncratic

variance risk premium and the risk-neutral probabilities.

By assessing these sufficient statistics, we show that there are significant welfare gains from

correcting risk externalities. We find that investors do not internalize a welfare gain of three cents

on each dollar invested. This is equivalent to the social discount rate for the riskless technology

being three percentage points lower than the corresponding discount rate for the private sector.

We also estimate the gains from reducing aggregate risk-taking. We find that reducing the stan-

dard deviation of investment by one unit leads to a welfare gain of 1.2%. This is equivalent to

the social planner facing a Sharpe ratio on the risky technology that is 4% smaller than the one

for the private sector. In both cases, the magnitude of the idiosyncratic risk externality is signifi-

cant, suggesting the importance of distortions created by the under-diversification of idiosyncratic

risks.

We also consider the optimal design of financial regulation. We introduce a financial interme-

diary and show that a tax benefit on debt combined with risk-weighted capital requirements are

able to increase investment and reduce aggregate risk-taking. This effectively reduces the cost of

capital for safe projects and increases the cost of capital for risky ones. Moreover, the magnitude
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of the optimal tax benefit and the optimal risk weights can be related directly to asset prices.

Our paper is related to the classical work on under-diversification including Levy (1978), Mer-

ton (1987), and Hirshleifer (1988), as well as recent work on the asset-pricing implications of id-

iosyncratic uncertainty under imperfect risk-sharing, such as Gârleanu et al. (2020), Dou (2016),

Di Tella (2017), Silva and Townsend (2019) and Khorrami (2019). Other papers have focused on

the corporate finance implications of idiosyncratic risk, including Chen et al. (2010), Wang et al.

(2012), and Chen and Strebulaev (2018).

In its normative approach, our work follows a tradition that studies constrained-inefficient al-

locations and pecuniary externalities stemming from incomplete markets.5 We offer the first anal-

ysis of how endogenous and cyclical idiosyncratic return risk can lead to constrained-inefficient

outcomes and describe the role of policy in mitigating such inefficiencies.

Two ingredients are necessary for the identification of idiosyncratic risk externalities: endoge-

nous idiosyncratic risk, resulting from variable input prices, and uninsurable idiosyncratic shocks

with risk-averse investors. Their interaction has not been previously studied. For instance, some

studies feature uninsurable idiosyncratic risk, but no feedback from input prices to return risk.

For example, the model in Gromb and Vayanos (2002) does not feature production, while Di Tella

(2019) does not feature other inputs besides capital. On the polar opposite, other work focuses on

models with variable inputs, but no idiosyncratic return risk (e.g., Itskhoki and Moll, 2019; Bocola

and Lorenzoni, 2020). Finally, there are a number of studies on pecuniary externalities with risk-

neutral agents (e.g., Lorenzoni, 2008; Caballero and Lorenzoni, 2014; He and Kondor, 2016; Lanteri

and Rampini, 2020). By simultaneously considering endogenous return risk and under-diversified

investors, we identify this new source of inefficiencies.

Last, our work is also related to the literature on uninsurable income risk, which includes

Constantinides and Duffie (1996), Brav et al. (2002), and Constantinides and Ghosh (2017). Like

these papers, we consider a SDF that depends on countercyclical consumption risk, but we focus

on rate of return risk in a production economy instead of labor income risk.

5See e.g. Stiglitz (1982), Geanakoplos and Polemarchakis (1986), and Greenwald and Stiglitz (1986). For a recent
taxonomy of such pecuniary externalities, see Dávila and Korinek (2018).
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2. A model of under-diversification and investment allocation

In this section, we examine the implications of the under-diversification of idiosyncratic risk

for asset pricing and investment decisions. First, we discuss the environment, then we characterize

the equilibrium.

2.1. Environment

We study a finite-horizon economy with two dates, t = 0, 1. The economy is populated by

workers and investors, located on a circle of circumference one. Workers play a relevant role only

on the last date, when they supply labor and consume. The population of investors consists of a

number N of ex ante identical agents, who make savings and portfolio decisions at date t = 0.

Investors are indexed by i ∈ I = { 1
N , 2

N , . . . , 1}, which represents their location in the circle.

There is also a number N of ex ante identical firms, indexed by j ∈ J = { 1
N , 2

N , . . . , 1}, their

location in the circle. Firms raise equity to finance investment at date t = 0. They pay dividends

in period one from the proceeds of the production of final goods.

Uncertainty has both an aggregate and an idiosyncratic component. They are both public

information once realized. At t = 1, before production takes place, the aggregate state s ∈ S =

{l, h} is revealed, with ps > 0 representing the probability that each state occurs. We refer to h(l)

as the high(low) state, in which production will be endogenously higher(lower).

Firm j also learns its idiosyncratic productivity parameter θj,s ∈ R+. The productivity shocks

θj,s are identically distributed across firms, with expected value E[θj,s] = Θ and variance Var[θj,s] =

σ2
θ . Their distribution is independent of the aggregate state s and they are purely idiosyncratic, as

they do not affect the economy’s aggregate productivity. Formally, the productivity shocks θj,s

satisfies the following condition:
1
N ∑

j∈J
θs,j = Θ, (1)

almost surely, for each s ∈ S , which requires the correlation across any pair of firms to be ρ =

− 1
N−1 .6 An explicit construction of the distribution of {θs,j}j∈J based on a discretization of a

gamma bridge is provided in Appendix A.1, analogous to the circular economies of Gârleanu

6The variance of the average productivity is Var[ 1
N ∑j θs,j] =

(
1
N + N−1

N ρ
)

σ2
θ , which is equal to zero when ρ =

− 1
N−1 .
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et al. (2015) and Gârleanu and Panageas (2018).

2.1.1. Investment technologies

Firms have access to two investment technologies, k ∈ {0, 1}. Technology k = 0 delivers

ϕ0
s = 1 units of capital irrespective of the aggregate state, s ∈ S . We refer to technology k = 0

as the riskless investment technology. Technology k = 1 is a risky investment technology and

delivers more capital in the good state, that is, its payoff satisfies ϕ1
h > 1 > ϕ1

l and E[ϕ1
s ] > 1. The

riskless investment technology corresponds to the standard technology in investment problems

without adjustment costs (e.g., Gomes, 2001), where one unit of investment generates one unit

of capital in the following period. The risky technology is subject to capital quality shocks, as

in much of the recent macro-finance literature (e.g., Brunnermeier and Sannikov, 2014; Di Tella,

2017). Importantly, we assume that firms can decide how much to invest in each technology, so

the exposure of the economy to aggregate risk is endogenous and determined by firms’ portfolio

choices.7

2.1.2. Investment allocation problem

The profit maximization by firms can be solved in two stages: a capital-budgeting stage at t = 0

and, once uncertainty regarding productivity, effective capital available, and aggregate conditions

is resolved, a static profit maximization problem at t = 1.

On date t = 0, firms choose how much to invest in each technology (I0
j , I1

j ). The payoff of this

investment equals the amount of capital available to the firm in the next period, Kj,s = ∑1
k=0 ϕk

s Ik
j .

The return on assets (ROA) in period 1 is given by Ra
j,s := 1− δ + πj,s, where δ is the depreciation

rate and πj,s is the profit per unit of capital generated by the firm, a function of the idiosyncratic

productivity θj,s and the aggregate state of the economy s. Let Mj,s denote the (equally weighted)

average SDF of the firm’s shareholders. Given the symmetry of the economy, all shareholders

price the payoff of the firm’s investment in the same way, so alternative weights when computing

7For an analysis of capital budgeting and risk-taking distortions in the presence of financial frictions, see Iachan
(2020).

8



Mj,s generate identical results. The problem of the firm can then be written as:

max
I0
j ,I1

j ≥0

{
−

1

∑
k=0

Ik
j + E

[
Mj,sRa

j,s

1

∑
k=0

ϕk
s Ik

j

]}
. (2)

The first-order conditions, in an interior solution, imply the investment Euler equations:

E
[

Mj,sRa
j,s ϕk

s

]
= 1, (3)

for k = 0, 1.

2.1.3. Profit maximization in period one

Capital cannot be reallocated across firms in period one, so firm j operates Kj,s units of capital,

regardless of its productivity level. A firm with productivity θj,s and Kj,s units of capital hires Lj,s

workers at wage Ws and produces final goods according to the Cobb-Douglas production function

Yj,s = (θj,sKj,s)
αL1−α

j,s . Each firm chooses how much labor to hire to maximize profits:

max
Lj,s

(
θj,sKj,s

)α L1−α
j,s −WsLj,s. (4)

The first-order condition for the firm’s problem leads to a standard labor demand function,

Lj,s =

[
1− α

Ws

] 1
α

θj,sKj,s, (5)

which implies that effective (productivity-adjusted) capital-labor ratios are equalized across firms.

As a consequence of constant returns to scale, the profit function becomes linear in capital and

can be written as πj,sKj,s, where the profit per unit of capital is given by:

πj,s = αθj,s

[
1− α

Ws

] 1−α
α

. (6)

Two aspects of Eq. (6) are worth mentioning. First, profitability is heterogeneous across firms.

In a frictionless environment, πj,s should equal the rental rate of capital for all active firms. As

capital does not flow to the most productive firm, firms earn heterogeneous economic rents. Sec-
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ond, the level and dispersion of firms’ profitability are endogenous, as the conditional variance of

πj,s is:

Vars
[
πj,s
]
= α2

[
1− α

Ws

] 2(1−α)
α

σ2
θ . (7)

For instance, a drop in wages reduces variable costs, amplifying the effects of changes in produc-

tivity, an effect analogous to the one generated by operating leverage.8

2.1.4. Under-diversification and the participation constraint

To capture the effects of under-diversification, we assume that investors are subject to limited

participation in financial markets. Investor i is allowed to invest only in firms located within dis-

tance φ/2 of her location, so investors have access to firms on an arc of length φ, as indicated in

Panel A of Fig. 1. The participation set of investor i is then given by Pi = {j ∈ J : d(i, j) ≤ 0.5φ},

where d(i, j) denotes the distance in the circle between investor i and firm j and the parameter

φ ∈ [0, 1] controls the degree of under-diversification in the economy. If φ = 1, there is full partici-

pation and idiosyncratic risk can be perfectly diversified. If φ = 0, investors are fully invested in a

single firm, as in the entrepreneurial models of Chen et al. (2010) and Panousi and Papanikolaou

(2012), so they bear all of the idiosyncratic risk. Panel B of Fig. 1 shows the productivity distribu-

tion of an individual firm and the distribution of average productivity of firms in the investor’s

portfolio in the case where 0 < φ < 1. As we increase the fraction of firms in the investor’s port-

folio, the dispersion in average productivity is reduced, so φ provides a measure of the degree of

diversification obtained by investors.

2.1.5. Investor’s consumption and savings

On date t = 0, investors have an endowment of E0 units of the consumption good and choose

how much to consume and how many shares of the various firms to buy, subject to their limited-

participation constraint. Let ωi,j denote the investor’s portfolio weight on firm j.

Investors have CRRA preferences with coefficient of risk aversion γ. The investor’s problem

8Formally, variable costs and production are proportional to productivity, VCj,s = VCsθj and Yj,s = Ysθj, so the
dispersion in profits is σπ,s = (Ys −VCs)σθ . Lower wages increase the margin Ys −VCs, amplifying the effect of σθ .
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Fig. 1. Participation constraint and productivity distribution.

Panel A: Participation constraint Panel B: Productivity distribution

is:

max
Ci,0,{ωi,j}

u(Ci,0) + βE [u(Ci,s)] , (8)

subject to a non-negativity condition on consumption, limited participation ωi,j = 0 for j /∈ Pi,

and

Ci,s = Rp
i,s(E0 − Ci,0), Rp

i,s := ∑
j∈Pi

ωi,j
Ra

j,sKj,s

Pj
, (9)

given ∑j∈J ωi,j = 1, where Rp
i,s is the return on investor i’s portfolio and Pj is firm j’s share price.

The optimality conditions for initial consumption and portfolio weights are given by:

1 = E
[

Mi,sRp
i,s

]
, (10)

and

Pj = E
[

Mi,sRa
j,sKj,s

]
, (11)

for all j ∈ Pi, where Mi,s denotes SDF for investor i and it is given by:

Mi,s = β

(
Ci,s

Ci,0

)−γ

, (12)

using u(C) = C1−γ−1
1−γ .
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2.1.6. Workers and equilibrium definition

Workers inelastically supply one unit of labor on date 1 and then consume their income, i.e.,

Cw,s = Ws. (13)

Let’s now define the equilibrium. An allocation is given by consumption and portfolio deci-

sions for investors,
(

Ci,0,
{

ωi,j
}N

j=1

)
for i ∈ I , investment and labor demand decisions for firms,(

I0
j , I1

j , Ll,j, Lh,j

)
for j ∈ J , and workers’ consumption, (Cw,l , Cw,h). A competitive equilibrium

consists of an allocation, asset prices Pj for each firm j, and wages Ws for each state s, such that

investors and firms optimize, workers consume their income, and there is market clearing for the

stocks of firm j ∈ J , for consumption goods in period 0,

1
Pj

∑
i∈I

(E0 − Ci,0)ωi,j = 1, ∑
i∈I

Ci,0 + ∑
j∈J

(
I0
j + I1

j

)
= NE0, (14)

and for labor and consumption goods in state s ∈ S ,

∑
j∈J

Lj,s = 1, Cw,s + ∑
i∈I

Ci,s = ∑
j∈J

(
Ys,j + (1− δ)Ks,j

)
. (15)

2.2. Equilibrium characterization

We next consider the characterization of the equilibrium. We focus on a symmetric equilib-

rium, in which Ci,0 = C0, Ik
j = Ik, Pj = P, and Kj,s =

Ks
N at each s ∈ S .

2.2.1. Aggregate production, wages, and returns

Taking the ratio of the labor demand for firm j, given in Eq. (5), and the aggregate labor

demand across all firms, we obtain Lj,s =
θj,s
NΘ . We can then compute aggregate output as:

Ys = ∑
j∈J

(θjKs,j)
αL1−α

j,s = (ΘKs)
α. (16)
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Given the Cobb-Douglas production function, the wage is proportional to output:

Ws = (1− α) (ΘKs)
α. (17)

Plugging the wage into Eq. (6), we obtain the return on assets:

Ra
j,s = 1− δ + αθj (ΘKs)

α−1 , (18)

which varies with θj and it is decreasing with Θ and Ks.

In equilibrium, the stock price satisfies P = ∑1
k=0 Ik and, as a consequence, equals the re-

placement cost of capital. Therefore, Tobin’s q is one. The fact that q is equal to one allows us

to distinguish the inefficiencies we find from those based on the interaction of the price of capi-

tal with financial constraints, as in, for example, He and Kondor (2016) and Jeanne and Korinek

(2019). The return on investing in firm j is given by the product of the return on assets and the

return on investment, as:

Rj,s = Ra
j,s ϕs, (19)

where ϕs := ∑1
k=0 ϕk

s Ik

∑1
k=0 Ik denotes the average return on the investment technologies in state s.

2.2.2. Equilibrium portfolio and under-diversification

In a symmetric equilibrium, the returns on all pairs of firms share the same joint distributions.

As a consequence, the investor’s portfolio problem is solved by an equally-weighted equity port-

folio within her participation set. Formally, ωi,j =
1
|Pi | for each j ∈ Pi and zero otherwise, where

|Pi| denotes the number of firms in Pi. The return on this equally-weighted equity portfolio is

given by:

Rp
i,s =

(
1− δ + αθi,s (ΘKs)

α−1
)

ϕs, (20)

where θi,s :=
∑Pi

θj,s

|Pi | denotes the average productivity of firms on investor i’s participation set.

The log return on the investor’s portfolio is denoted by rp
i,s := log Rp

i,s and can be written as:

rp
i,s = log(1 + ψs(θi,s −Θ)) + log(Ra

s ϕs), (21)
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where ψs := αΘαKα−1
s

1−δ+αΘαKα−1
s

1
Θ and Ra

s := 1
N ∑j∈J Ra

s,j.

The first term on the right-hand side of Eq. (21) denotes the source of idiosyncratic risk, while

the second term represents the log-return on an aggregate (market) portfolio. An important im-

plication of this expression is that the loading of returns on idiosyncratic risk is state-dependent

and endogenous, as it depends on the aggregate capital stock in the economy. The amount of

idiosyncratic risk born by an investor depends not only on her ability to diversify risk, but also on

the aggregate state of the economy. In particular, the idiosyncratic variance of rp
i,s, for small values

of σθ , is given by:

Vars[r
p
i,s] ≈ φuσ2

θ︸︷︷︸
exogenous
component

× ψ2
s︸︷︷︸

endogenous
component

, (22)

where φu := 1
|Pi | +

(
1− 1

|Pi |

)
ρ ∈ [0, 1].

The idiosyncratic variance of rp
i,s depends on an exogenous component, φuσ2

θ , and an endoge-

nous component, ψ2
s . The exogenous component depends on firm-level risk σ2

θ and the coefficient

of under-diversification φu. When investors have access to all firms, the coefficient of under-

diversification is equal to zero, φu = 0, and idiosyncratic risk is perfectly diversified. When in-

vestors can invest in only a single firm, then φu = 1 and there is no diversification. We obtain

0 < φu < 1 for intermediate levels of market participation, with a higher value of φu indicating a

higher exposure to idiosyncratic risk.

The endogenous component of idiosyncratic variance, ψ2
s , is countercyclical, given the pro-

cyclical capital stock. The dependence of idiosyncratic return volatility on aggregate variables is

consistent with relevant results found in the empirical literature. Campbell et al. (2001) document

that idiosyncratic risk is counter-cyclical. Bekaert et al. (2012) show that average idiosyncratic

volatility is correlated across countries and that more than 50% of its variation is explained by ag-

gregate variables. Herskovic et al. (2016) identify a common component in idiosyncratic volatility

across firms, that shows up not only on stock returns but also on cash-flow (sales) data. These

facts can all be explained by our operating-leverage channel, without having to assume shocks

to idiosyncratic variance that are correlated across firms.9 Moreover, given the endogenous link

between idiosyncratic return volatility and aggregate variables, policy interventions can affect the

9For the relationship between return risk and operating leverage, see Lev (1974). For evidence on this channel, see
Novy-Marx (2010) and Donangelo et al. (2019).
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magnitude of idiosyncratic risk in the economy.

2.2.3. Aggregate risk-taking and investment

We now characterize the magnitude of aggregate risk-taking in the economy, captured by the

share invested in the risky technology, χ ≡ I1

I0+I1 , and the total level of investment, denoted by I ≡

I0 + I1. We focus on how idiosyncratic risk affects the overall level and composition of investment

using a second-order approximation to the model around an economy without idiosyncratic risk.

Then, we write χ and I as:

χ = χ∗ + χ̂σ2
θ + o(σ2

θ ), I = I∗ + Îσ2
θ + o(σ2

θ ). (23)

The terms χ∗ and I∗ denote the amount of aggregate risk-taking and investment in an economy

without idiosyncratic risk, or alternatively with φu = 0. The terms χ̂ and Î capture, up to second

order, how idiosyncratic risk affects these variables in an economy subject to a diversification

friction.

In Proposition 1, we describe the impact of idiosyncratic risk on risk-taking and investment.

The Appendix provides closed-form expressions for both χ̂ and Î.

Proposition 1 (Aggregate Risk-Taking and Investment). Suppose γ > 1. Then, χ̂ < 0 and the sign of

Î is ambiguous. If firms are constrained to keep χ̂ = 0, then Î > 0.

Proof. See Appendix A.3.

The result that χ̂ < 0 implies that there is less risk-taking in the economy that is subject to

idiosyncratic risk than in an economy without such risks or with perfect markets. To understand

the intuition behind this result, consider the Euler equation:

0 = E
[
Es

[
C−γ

i,s Ra
j,s

]
ϕe

s

]
, (24)

where ϕe
s ≡ ϕ1

s − ϕ0
s is the excess return on the risky technology.

The conditional expectation above can be written as:

Es

[
C−γ

i,s Ra
j,s

]
≈ C−γ

s Ra
s × exp

(
γ (γ− 1)

2
ψ2

s φuσ2
θ

)
. (25)
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The conditional expectation in Eq. (25) acts as a pricing kernel for the investment payoff ϕe
s

and has two components. The first component, C−γ
s Ra

s , represents the pricing kernel that would

prevail in an economy with complete markets. The second component captures the effects of a

precautionary savings motive and, for γ > 1, increases with the amount of idiosyncratic risk

investors effectively bear, φuψ2
s σ2

θ .

This structure of the pricing kernel is analogous to the one found in Constantinides and Duffie

(1996), whose SDF also consists of a representative-agent term and a term that increases with

the (state-dependent) consumption dispersion. As in their work, here the countercyclicality of

consumption risk plays an important role in the determination of risk premia. Yet, an impor-

tant distinction between our study and Constantinides and Duffie (1996) is that the consumption

countercyclicality is endogenous in our setup, so it potentially responds to policy interventions.

Because the idiosyncratic return risk is countercyclical, the pricing kernel is particularly high

in bad times in the case of under-diversification, so investors dislike risky assets even more in

an under-diversified economy. Therefore, idiosyncratic risk reduces aggregate risk-taking under

imperfect risk sharing.

The effect on investment Î is ambiguous, as there are two forces at play. Suppose first that

investors cannot adjust the extent of risk-taking. In this case, investment actually increases com-

pared to what occurs in a complete markets economy, as idiosyncratic risk increases precautionary

savings. The fact that χ̂ < 0 implies, however, that the magnitude of aggregate risk is reduced,

pushing investment in the opposite direction. Even though investment may be above or below

the first-best benchmark, we show in the next section that there are clear predictions about how a

social planner should intervene in this economy.

2.2.4. Interest rate and the idiosyncratic risk premium

Define the log-SDF for investor i as:

mi,s = log β− γ(ci,s − c0), (26)

where ci,s := log Cs,i and c0 := log C0.

Given the SDF, we can compute the (shadow) riskless rate r f := − log E [emi,s ]. Up to second-
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order terms, the interest rate is given by the standard expression,

r f = − log β + γ

(
E[ci,s] +

σ2
c

2
− c0

)
− γ(γ + 1)

2
(
Var[cs] + φuσ2

θ E[ψ2
s ]
)

, (27)

where cs := Es[ci,s] and σ2
c := Var[c2

i,s].

The risk-free interest rate depends on the degree of impatience, the intertemporal substitution

channel, and a precautionary savings term, which is a function of both aggregate and idiosyn-

cratic risk. Given the level of aggregate risk-taking and investment in the economy, an increase in

idiosyncratic risk depresses the interest rate. However, in our production economy, idiosyncratic

risk also affects the interest rate through its impact on expect growth and aggregate volatility

through the investment decisions.

Let rs,j ≡ log Rj,s denote the log-return on firm j. From the pricing equation for shares (11), we

obtain the expected excess return,

E
[
rj,s
]
− r f +

σ2
r

2
= γCov

(
ci,s, rj,s

)
, (28)

where σ2
r is the variance of the log-returns.

We can decompose the consumption risk in terms of aggregate and idiosyncratic components.

Let rs = Es[rj,s] denote the conditional mean of log-returns in state s in the cross-section. Then,

E
[
rj,s
]
− r f +

σ2
r

2
= γCov (cs, rs)︸ ︷︷ ︸

aggregate risk premium

+ γφuE
[
σ2

s
]︸ ︷︷ ︸

idiosyncratic risk premium

, (29)

where σ2
s = ψ2

s σ2
θ is the idiosyncratic variance of log-returns in state s.

The risk premium has two components. The first component, which is related to aggregate

risk, reflects the usual compensation for the comovement between aggregate consumption and re-

turns. Given the under-diversification friction, however, investors are also subject to idiosyncratic

return risk. This risk requires compensation, which is captured by the second term above. The

premium depends on the magnitude of risk, E[σ2
s ], as well as the price of risk, γφu. The price of

risk is a function of risk aversion and the coefficient of under-diversification, φu. When φu = 0,

investors are fully diversified and the price of idiosyncratic risk is zero. When φu = 1, there is no
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diversification and the price of risk is at its maximum. Hence, φu provides not only a measure of

under-diversification of investors’ portfolios, but also a measure of the required compensation for

holding idiosyncratic risk in equilibrium.

Importantly, while the price of idiosyncratic risk is a function of structural parameters, the

magnitude of idiosyncratic risk is endogenous and potentially affected by economic policy.

3. Idiosyncratic risk externalities

An important aspect of the laissez-faire equilibrium is that the distribution of risk faced by

an investor is endogenous, and influenced by both the level and the composition of investment.

Firms, however, do not internalize how their investment decisions collectively affect the risk born

by others. In this section, we characterize idiosyncratic risk externalities and provide sufficient

statistics, based on easily computable risk premia, for the welfare gains achieved by mitigating

investment inefficiencies.

3.1. Assessing constrained efficiency

We next examine whether the economy is constrained-efficient, that is, whether there are

no possible welfare-improving interventions, given the economic constraints.10 The economy

is clearly inefficient as risk is not optimally shared by investors, so a social planner who could

eliminate the under-diversification friction would generate welfare gains. It is much less clear,

however, whether interventions that respect the underlying frictions can improve welfare. For

example, could a planner improve welfare by simply altering the investment decisions of firms?

We consider two forms of intervention: the first form increases the overall investment level,

while the second form reduces the share invested in the risky technology. We assume that the

level and composition of investment can be directly controlled by a social planner. We defer the

discussion of the implementation of these investment outcomes through financial regulation to

Section 5.

10Constrained efficiency has been the standard way to assess the welfare properties of economies with frictions
since the original work on the efficiency of incomplete markets economies appeared; see Hart (1975), Stiglitz (1982),
and Geanakoplos and Polemarchakis (1986).
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We characterize a set of Pareto-improving interventions in investment, focusing on their effi-

ciency gains, without the need to assume an explicit social welfare function. To obtain a Pareto im-

provement, we introduce a fiscal instrument that allows us to keep the utility of workers constant

while we search for welfare gains for investors. This instrument consists of a per-unit subsidy on

capital, analogous to a depreciation allowance, that is financed by a tax on workers. In the absence

of such an instrument, an intervention that, for instance, increases the average capital stock would

raise wages and reduce profits, benefiting workers, while harming investors. Instead, we are in-

terested in whether there are net gains after the winners of the intervention compensate the losers,

isolating the efficiency gains and avoiding the need to specify preferences for redistribution.

Let ∆ parametrize the magnitude of the intervention and let τk
s (∆) be the subsidy on capi-

tal that is required to maintain workers at their initial consumption level in state s. A general

perturbation of investment takes the following form:

I0 (∆) = I0 + κ0∆, I1 (∆) = I1 + κ1∆, (30)

for some pair of parameters (κ0, κ1), and implies a capital at date t = 1 given by:

Ks (∆) = Ks + (κ0 + κ1ϕ1
s )N∆. (31)

Note that we are able to control the expected value and the riskiness of Ks by adjusting κ0 and

κ1. The tax that keeps workers’ consumption at the laissez-faire level solves:

Cw,s = (1− α)(ΘKs (∆))α − τk
s (∆)Ks(∆), (32)

where Cw,s denotes workers’ consumption in the laissez-faire equilibrium.

The investor’s welfare is then given by:

V(∆) = u

(
E0 −

1

∑
k=0

Ik (∆)

)
+ βE [u (Ci,s (∆))] , (33)

where, given Ra
i,s(∆) = 1 − δ + αθi,sΘα−1Kα−1

s (∆), consumption at state s can be expressed as
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follows:

Ci,s (∆) =
1
N
[
Ra

i,s(∆)Ks (∆) + (1− α)(ΘKs (∆))α − Cw,s
]

. (34)

If the economy is (constrained) efficient, then V ′(0) = 0 for any (κ0, κ1), so it is not possible

to improve welfare by regulating aggregate investment. In contrast, if V ′(0) 6= 0 for some pair

(κ0, κ1), then it is possible to design small interventions that generate a welfare gain.

3.2. Underinvestment

Our first main result, Proposition 2, demonstrates that investment is inefficiently low in the

laissez-faire equilibrium. For that, we consider a perturbation that increases the expected value

of capital per capita by ∆, while keeping the variance of Ks constant, that is, we set κ0 = 1 and

κ1 = 0.

Proposition 2. Suppose κ0 = 1 and κ1 = 0. The marginal gain of increasing ∆, in terms of initial

consumption, is given by:

V ′(0)
u′ (C0)

= −(1− α)E
[
Covs

(
Mi,s, Ra

i,s
)]

> 0. (35)

This marginal gain, up to second-order in the amount of idiosyncratic risk, is given by:

V ′(0)
u′ (C0)

≈ (1− α)

 γφuE
[
σ2

s
]︸ ︷︷ ︸

id. risk premium

+γφu

(
EQ
[
σ2

s
]
−E

[
σ2

s
])

︸ ︷︷ ︸
id. variance risk premium

 . (36)

Moreover, the idiosyncratic variance risk premium is positive, i.e., EQ
[
σ2

s
]
−E

[
σ2

s
]
> 0.11

Proof. See Appendix B.1.

Proposition 2 shows that there is underinvestment in the unregulated economy, that is, the

gains obtained by increasing investment are positive. The intuition for this result is the following.

11The risk-neutral probabilities satisfy EQ[Xs] = E
[

β
u′(Ci,s)
u′(C0)

Ra
i,sXs

]
for all random variables Xs, using

E
[

β
u′(Ci,s)
u′(C0)

Ra
i,s

]
= 1.
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An increase in the capital stock intensifies competition for labor in the economy, reducing the av-

erage profitability of firms. Moreover, this increase in costs affects especially the most productive

firms, which are larger and demand more labor. Hence, an increase of the capital stock reduces

the dispersion of firms’ profitability ex post and the amount of return risk ex ante, as can be seen in

Eq. (22). Firms, however, take prices as given when making their investment decisions, so they do

not account for the impact of their actions on the others’ risk, generating a (pecuniary) externality.

Because the externality operates through changes in the magnitude of idiosyncratic risk, we call

them idiosyncratic risk externalities.

As seen in Subection 2.2, the laissez-faire level of investment may be above or below the first-

best allocation. Despite this fact, it is always optimal to increase investment in the second-best

compared with what occurs in the laissez-faire economy. This is because firms do not internalize

a potential benefit from investment, the external effect on the risk of others, so there is underin-

vestment in the economy from the perspective of a social planner. Hence, it is possible that the

laissez-faire level of investment is above the first-best level and, yet, a further increase in invest-

ment achieves a welfare gain. This is a typical feature of second-best applications.

The magnitude of the inefficiency depends on two distinct risk premia. First, it depends on the

magnitude of the idiosyncratic risk premium. Given that the idiosyncratic risk premium measures

the required compensation an investor demands for taking on idiosyncratic risk, it is intuitive that

the magnitude of the welfare gains from reducing such risks, here achieved indirectly through the

intervention, is related to the magnitude of this premium. However, one important distinction is

that, while we use physical probabilities to compute the expected excess return, the Q-measure is

the relevant one with which to compute expected welfare gains. By definition, one dollar in a high-

probability state under the Q-measure has a larger impact on welfare than one dollar in a low-

probability state. Therefore, risk-neutral probabilities exactly encode the necessary information to

perform welfare calculations.

The idiosyncratic variance risk premium measures the difference between the expected vari-

ance under the risk-neutral and physical probabilities. If idiosyncratic risk was constant across

states, this distinction would not be necessary, but given the countercyclicality of return risk, im-

portant deviations between the physical and the risk-neutral measures of expected variance can

occur. In particular, because the idiosyncratic variance is larger in high marginal utility states, ex-
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pected variance is higher under the risk-neutral measure, implying a positive idiosyncratic vari-

ance risk premium. Note that the variance risk premium is multiplied by the price of idiosyncratic

risk, γφu, so its impact on welfare also depends on the degree of diversification. Therefore, the

magnitude of the risk externality is proportional to the sum of the idiosyncratic risk premium and

an idiosyncratic variance risk premium, adjusted by the degree of diversification.

An alternative way to write Eq. (36) is (1− α)γφuEQ[σ2
s ], that is, the welfare gain of the in-

tervention is proportional to the product of the price of idiosyncratic risk, γφu, and a term that

could be called an idiosyncratic squared VIX. Under certain conditions, the squared VIX gives the

risk-neutral expectation of the variance for the market as a whole. In contrast, the welfare gains

of the intervention are related to the risk-neutral expectation of the idiosyncratic component of

firm-level variance.

Another important aspect of Eq. (36) is that it depends on the labor share 1 − α. For in-

stance, the inefficiency disappears when α = 1. A corollary of this formula is that the economy is

constrained-efficient when capital is the only factor of production, as formally stated below.

Corollary 1 (Constrained efficiency of the exogenous risk economy). Suppose α = 1. Then, the econ-

omy is constrained-efficient, i.e., there is no small intervention on investment or risk-taking that generates

a net welfare gain.

The return risk is completely exogenous when α = 1, as can be seen from Eq. (22), given that

ψs is constant when α = 1. Investment decisions have no impact on the risk borne by others, so the

externality is eliminated and the economy becomes constrained-efficient. Moreover, the economy

is also constrained-efficient if φu = 0. Therefore, our constrained-inefficiency result relies on two

key ingredients: endogenous return risk and under-diversification. It is the interaction of these

two ingredients that opens the door to welfare-improving interventions.12

3.3. Excessive aggregate risk-taking

Our second main result, Proposition 3, demonstrates that investment is excessively risky in

the laissez-faire equilibrium. For that, we consider an intervention that reduces the share invested

12The fact that our results come from this interaction allows us to isolate our channel from previous work on con-
strained inefficiency in the context of economies with either linear technology, as in Di Tella (2019), or economies
without idiosyncratic risk, as in Lorenzoni (2008).
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in the risky technology. In particular, we choose κ0 and κ1 such that the risk-neutral standard

deviation of capital per capita decreases by ∆, while we keep the total investment unchanged.

Proposition 3. Suppose κ0 = 1√
VarQ[ϕ1]

and κ1 = − 1√
VarQ[ϕ1]

. The marginal gain of increasing ∆, in

terms of date t = 0 consumption, is given by:

V ′ (0)
u′ (C0)

= (1− α)E [Covs (Mi,s, Ri,s) ϕe
s] κ0 > 0. (37)

This marginal gain, up to second-order in the amount of idiosyncratic risk, is given by:

V ′(0)
u′ (C0)

≈ (1− α) γφuCovQ(σ2
s , ϕe

s)κ1

= (1− α)γφu

(
EQ
[
σ2

s
]
−E

[
σ2

s
])

︸ ︷︷ ︸
id. variance risk premium

ζ > 0, (38)

with ζ ≡
√

qhql
ql−pl

, where qs denotes the risk-neutral probability of state s ∈ S .

Proof. See Appendix B.1.

Proposition 3 shows that there is excessive risk-taking in the unregulated economy. The ineffi-

ciency is related to the fact that the risky technology performs poorly when idiosyncratic volatility

is high, that is, CovQ(σ2
s , ϕe

s) < 0. By shifting resources from bad to good states, risk-taking effec-

tively reduces volatility in good times and increases it in bad times, given the operating-leverage

effect discussed in Section 2. Because bad times are periods in which idiosyncratic risk is already

high, aggregate risk-taking imposes a welfare cost on all investors. Hence, private agents take

on more aggregate risk than is socially optimal. Note that, even though the risky technology is

directly exposed only to aggregate risk, the combination of idiosyncratic risk on profitability and

under-diversification leads nevertheless to an inefficient level of risk-taking.

The magnitude of the above effect depends on the price of idiosyncratic risk, γφu, and the

idiosyncratic variance risk premium. The inefficiency then depends on the countercyclicality of

idiosyncratic risk, as we would not obtain a positive variance risk premium in the absence of

countercyclical risk. We also need the scale factor ζ, which depends on the risk-neutral probabil-

ities, to be able to interpret the intervention as a reduction of one unit in the standard deviation
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of Ks. Finally, the effect is again proportional to the labor share, as the externality depends on the

endogeneity of risk.

3.4. Extensions

We consider several extensions that evaluate the robustness of our main results and offer gen-

eralizations in Supplement OS.1, available online.

Intermediate inputs and endogenous labor supply. First, we consider an economy with inter-

mediate goods. This extension illustrates how the idiosyncratic risk externality does not exclu-

sively rely on movements in labor costs, but on any source of variation in marginal costs. The

volatility of returns then depends on the relative price of intermediate goods and the externality

is present as long as this price moves with the business cycle. If intermediate goods are inelas-

tically supplied, then the expression for the externality is identical to the version derived for the

baseline model. A positive elasticity of intermediate goods tends to dampen the effect, as part of

the adjustment is now coming through quantities instead of prices.

We then show that an economy with an elastic labor supply is equivalent to an economy with

an elastically supplied intermediate good. Therefore, a higher labor supply elasticity dampens the

cyclicality of margins and idiosyncratic risk externalities.

The role of financial market participation. In our baseline model, we show that the economy is

constrained inefficient under the assumption that workers do not participate in financial markets.

We next show that our results do not hinge on this particular assumption.

In the context of the model with intermediate goods, we allow for an arbitrary distribution

of profits from intermediate-good firms between investors and hand-to-mouth entrepreneurs. In

particular, we allow for the limit case in which investors receive all profits, and there are no hand-

to-mouth agents. We show that the characterization of idiosyncratic risk externalities does not

depend on the underlying ownership shares. Given the equivalence between an economy with

intermediate-good production and an economy with labor, idiosyncratic risk externalities are still

present if investors receive all the labor income. This highlights that these externalities do not

hinge on the limited financial market participation of workers, but on endogenous return disper-
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sion.

Substitution patterns between labor and capital. Next, we consider the case of a constant elas-

ticity of substitution production function. The elasticity of substitution between capital and labor

controls how much variations in the capital stock affect firms’ marginal costs and ultimately re-

turns. A elasticity of substitution larger than one dampens the effect of the intervention, while

low values of the elasticity tend to amplify the effects we characterize. In the empirical literature,

values for this elasticity are typically below one. Oberfield and Raval (2021) report an elasticity in

the range of 0.5-0.7, which suggests that the gains from the proposed intervention may be actually

higher than what the baseline Cobb-Douglas case indicates.

Epstein-Zin preferences. We extend the model to allow for Epstein-Zin preferences, which allow

us to disentangle the role of risk aversion and the elasticity of intertemporal substitution (EIS). We

find that Eqs. (35) and (37) hold in this case, where Mi,s is now the SDF induced by Epstein-Zin

preferences. The small risk approximations in Eqs. (36) and (38) also hold in this case, showing

that it is the risk aversion coefficient γ that is relevant for the determination of the externality

instead of the (inverse) of the EIS. We also show how it is the EIS that controls whether investment

in the economy with idiosyncratic risk is larger or smaller than at the laissez-faire level.

Endogenous diversification. Last, we consider the case in which the participation sets are en-

dogenous, along the lines of Gârleanu et al. (2015). Investors can choose the share of firms φ on

their participation set subject to paying an increasing and convex utility cost. These costs can be

interpreted, for instance, as a cognitive cost related to paying attention to a larger set of firms. We

find that our idiosyncratic risk externality is present even in this economy with endogenous par-

ticipation. The intuition for this result is similar to the one in an envelope theorem. Even though

changes in the capital stock may now affect the participation choice, the impact on welfare of these

changes in participation is only second-order, given that we start from an optimal participation

decision.

25



4. The welfare impact of idiosyncratic risk externalities

We have shown that idiosyncratic risk can cause inefficiencies when agents hold under-diversified

portfolios. But it remains unclear whether these inefficiencies are quantitatively important enough

to warrant policy interventions. In this section, we quantify the significance of the idiosyncratic

risk externalities. We evaluate the welfare cost of underinvestment by measuring expression (36),

which involves the estimates of the idiosyncratic risk premium, the idiosyncratic variance risk

premium, and the labor share. We also assess the welfare cost of excessive risk-taking by mea-

suring expression (38), which requires an estimate of the risk-neutral probabilities. Note that our

quantification procedure exploits asset-market data, embodying the idea that policy decisions can

be informed by inputs from financial markets.

4.1. Parameter choices

We next present the estimates of the aforementioned quantities, which underlie our parameter

choices.

Estimate of the idiosyncratic risk premium. The idiosyncratic risk premium is the product of

the magnitude and the price of idiosyncratic risk. We compute a measure of the magnitude of

risk using an EGARCH model, following Fu (2009). Specifically, within a comprehensive sample

of U.S. stocks, we estimate, stock by stock, an augmented Fama-French three-factor model that

accounts for heteroskedasticity. For each stock, the estimation produces a monthly series of the

conditional variance of residuals, which we adopt as our measure of idiosyncratic risk for this

stock. In Fig. 2, we plot the cross-sectional average of this measure (which we will refer to as

“idiosyncratic variance” hereafter). One can clearly see countercyclicality in this series, as there are

sizeable spikes in almost every recession. The mean and median of the idiosyncratic variance in

our sample is 1.84% and 0.94%, respectively (that is, 22.1% and 11.3%, respectively, in annualized

terms). Based on these numbers, we set E[σ2
s ] equal to 11.3%.

For an estimate of the price of idiosyncratic risk, we employ Fama-MacBeth regressions. That

is, we regress excess stock returns on our measure of idiosyncratic risk, along with several other

salient characteristics like size, book-to-market ratio, and so on. We provide the estimation details
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Fig. 2. Idiosyncratic variance averaged across stocks. This figure displays, month by month, the cross-
sectional average of the (expected) idiosyncratic variance, which is estimated by fitting an EGARCH model
to individual U.S. stocks. Shaded areas indicate recessions in the U.S. as defined by National Bureau of
Economic Research (NBER).
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in Appendix C, where we also report some robustness tests. We find that idiosyncratic risk has

strong explanatory power for average returns: a one percentage point increase in the idiosyncratic

variance is associated with a 35-52 bps increase in average return. This leads us to set γφu = 0.35.

Estimate of the idiosyncratic variance risk premium. Besides the idiosyncratic risk premium,

we also need an estimate of the idiosyncratic variance risk premium. Even though the idiosyn-

cratic variance risk premium has not been directly considered in the literature, we show that it is

possible to recover its value from estimates of the firm-level and market-level variance risk pre-

mia. First, based on the return decomposition proposed by Campbell et al. (2001), we can write

the average return variance as follows:

σ2
t = σ2

m,t + σ2
id,t, (39)

where σ2
t is the average of the return variance across individual stocks; σ2

m,t is the market variance;

and σ2
id,t is the cross-sectional average of the idiosyncratic variance. Details of this calculation are

provided in Appendix C.2. Then from the definition of the idiosyncratic variance risk premium
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(that is, VRPid,t ≡ E
Q
t [σ

2
id,t+1]−Et[σ

2
id,t+1]), we immediately get:

VRPid,t = E
Q
t [σ

2
t+1]−Et[σ

2
t+1]︸ ︷︷ ︸

VRPt

−
(

E
Q
t [σ

2
m,t+1]−Et[σ

2
m,t+1]

)
︸ ︷︷ ︸

VRPm,t

, (40)

which implies that the (average) idiosyncratic variance risk premium can be computed by sub-

tracting the market variance risk premium from the average variance risk premium for individual

stocks. The latter two quantities have been estimated by Han and Zhou (2012), who report that

VRPt in their sample is 5.88% (in annualized terms), while the VRPm,t is 2.83%. Therefore, we let

EQ
[
σ2

s
]
−E

[
σ2

s
]

in our model be equal to 5.88%− 2.83% ≈ 3.05%.

Estimate of the labor share. We set α = 0.33 to match the share of labor income to total income,

which is about 66% in the U.S. aggregate data, a standard choice for this parameter.

Estimate of the risk-neutral probabilities. Lastly, to measure Eq. (38), we also need to quantify

the physical and the risk-neutral probabilities of the aggregate states. To this end, we define high

(low) states as periods when the idiosyncratic variance averaged across stocks is below (above)

the median. Thus by definition, the physical probability of high (low) states is 0.5 (that is, pl =

0.5). As for the risk-neutral probabilities, we impute the value from the variance risk premium.

Specifically, we use the following expression for the variance risk premium:

VRP = (ql − pl)(σ
2
l − σ2

h ) (41)

to compute ql from VRP, given pl as well as σ2
s , the idiosyncratic variance in state s ∈ {low, high}.

Given the estimate of VRP = 2.83% mentioned above, we set ql to 0.75.

4.2. Welfare analysis

As we have pinned down all the parameters needed to evaluate Eqs. (36) and (38), we next

move on to quantify the welfare impact of the idiosyncratic risk externalities. Our approach fea-

tures a marginal analysis in which we assess the welfare gains of small changes in the laissez-faire

investment policy. We find substantial welfare gains from increasing investment levels and reduc-

ing risk-taking using our sufficient-statistic approach.
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Under-investment. First, we consider the welfare effects of an increase in investment in the risk-

less technology. We have demonstrated that the corresponding change in welfare is given by ex-

pression (36), which can be rewritten as IREI = (1− α) [IRP + γφuVRP], where IRP denotes the

idiosyncratic risk premium and VRP the idiosyncratic variance risk premium. Given our parame-

ter choices presented above, we compute the value of IREI to be 2
3 × (0.35× 11.3% + 0.35× 3.0%) ≈

3.3%. This means that, for an extra dollar of investment on top of the amount chosen by agents,

there is a welfare gain of 3.3 cents (in current-consumption terms) that is not privately taken into

account. This is a nontrivial magnitude. For concreteness, consider the value of the capital stock

in the U.S. economy, which is around $50 trillion. An IREI of 3.3% means that an extra 1% increase

in the capital stock (that is, about $560 billion) produces a welfare gain of $16.8 billion that is not

privately taken into account.

Excessive risk-taking. We also consider the welfare effects of a reallocation of investment, mov-

ing resources from the risky technology to the riskless technology. That would cause a wel-

fare change of magnitude represented by Eq. (38). That equation can be rewritten as IREχ =

(1− α)γφu ·VRP · ζ, where ζ =
√

qhql
ql−pl

is determined by the physical and the risk-neutral probabil-

ities of the aggregate states. Substituting in our parameter values, we obtain IREχ = 2
3 × 0.35×

3.0%× 1.7 ≈ 1.2%. This means that, at the margin, shifting one dollar of investment away from the

risky technology to the riskless technology can bring an uninternalized welfare gain equivalent to

1.2 cents in current-consumption terms. This is again a sizable improvement.

In sum, we show that welfare improvements from deviating from privately optimal invest-

ment policies towards higher investment levels and lower risk taking can be meaningful, given

market data on risk premia and standard parameter values. In Supplement OS.2, we provide an

extended discussion and additional interpretations of those welfare gains. In Section 5, we discuss

how financial regulation can be designed to take advantage of those potential improvements.

4.3. The dynamics of risk externalities

We have so far considered risk externalities in the context of a two-period model, which has

allowed us to derive expressions for the inefficiencies in the simplest possible setting, assessing the

quantitative magnitude of these frictions from an unconditional perspective. As the importance
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of the frictions may vary with the state of the economy, we next consider a dynamic extension

of our sufficient statistic formulas. Our goal is not to provide the most general dynamic model,

but instead to offer a minimal deviation from the environment we have considered so far. For

this reason, we consider an overlapping generations version of the baseline two-period model

described in Section 2, which will allow us to quantify how the idiosyncratic risk externalities

evolve over time.

Dynamic model. The economy is populated by a finite number of investors and firms located on

the circle of circumference one. Firms are identical to the those described in the baseline model.

The payoff of the risky technology ϕ1
s follows a two-state Markov-chain, where the probability of

transitioning from state s to state s′ is pss′ , for s, s′ ∈ {l, h}. Investors live for two periods, leave no

bequests, and start with no wealth.

Our two-period model can then be considered as a snapshot of the dynamic economy just

described. The endowment of the investor in period 0 is now equal to the labor income Es(t) =

(1− α)(ΘKs(t))α, where s ∈ {l, h} denotes the aggregate state in period t. As in the interventions

studied for the baseline model, in Section 3, we can consider a change in investment in period t

that keeps the income of the next generation constant. Hence, the new generation plays the role

that workers played in the baseline model. In Proposition 4, we characterize the risk externalities

in this dynamic model.

Proposition 4 (Conditional risk externalities). Consider the effects of regulating investment decisions

in the dynamic economy. Then,

i. Investment

V ′s (0)
u′ (Cs,0)

≈ (1− α)

γφuEs
[
σ2

s′
]︸ ︷︷ ︸

id. risk premium

+γφu

(
EQ

s
[
σ2

s′
]
−Es

[
σ2

s′
])

︸ ︷︷ ︸
id. variance risk premium

 . (42)

ii. Aggregate risk-taking

V ′s (0)
u′ (Cs,0)

≈ (1− α)γφu

(
EQ

s
[
σ2

s′
]
−Es

[
σ2

s′
])

︸ ︷︷ ︸
id. variance risk premium

ζs > 0, (43)
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Fig. 3. The left panel shows the time series of the conditional risk externality for aggregate investment in
basis points. The right panel shows the time series of the conditional externality for aggregate risk-taking
in basis points.
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where ζs ≡
√

qshqsl
qsl−psl

, and qss′ denotes the risk-neutral probability of state s′ ∈ S , conditional on s ∈ S .

The expressions comprising Proposition 4 are conditional versions of our risk-externality for-

mulas. The significance of these expressions is that they allow us to address the question of how

fluctuations in idiosyncratic uncertainty affect the economic efficiency. The degree of inefficiency

fluctuates to the extent that the idiosyncratic risk premium and the variance risk premium vary

over time. As can be seen in Fig. 2, the magnitude of idiosyncratic risk varies substantially over

the cycle. Given the stability of the price of idiosyncratic risk, this implies significant variation in

the idiosyncratic risk premium over the business cycle. Similarly, the variance risk premium is

also time-varying.

Fig. 3 shows the time series of the conditional risk externality for investment and aggregate

risk-taking. There is substantial variation in the level of the risk externalities, indicating that the

inefficiencies are more severe in bad times, when idiosyncratic uncertainty is high. In particular,

the two externality measures spiked during recent financial crises, indicating that those were peri-

ods in which the disagreement between the social planner and the private agents’ investment and

risk-taking incentives was highest.

The time-variation in the level of externalities suggests the need for countercyclical regulation

to address the inefficiencies created by uncertainty risk. An example of such a regulation would

be the countercyclical capital buffer (CCyB) included in Basel III.
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5. Risk externalities and financial regulation

We next address two questions related to the regulation of risk externalities: implementation

and optimal regulation. When deriving the sufficient statistics for the externalities discussed in

Section 3, we assume that the planner can directly control investment and risk-taking decisions.

In practice, however, these outcomes must be achieved indirectly, through regulation. We show

that two standard regulatory instruments, a tax benefit on debt and risk-weighted capital require-

ments, are capable of implementing the desired allocation. We also show how asset-price data can

be used to determine the optimal levels of these instruments.

In Appendix D.1, we introduce financial intermediaries and regulation in an extension of the

baseline model. Intermediaries raise funds from investors, issuing a mix of debt and equity, and

allocate these funds to non-financial firms. Importantly, these intermediaries are subject to regu-

latory constraints.

A tax benefit on debt, τd, generates a cost advantage in its issuance. In isolation, this advantage

would make intermediaries favor debt as their only source of financing. Additionally, in the de-

sign of regulation, the tax benefit can be used to determine the intermediaries’ cost of funds and,

through that, it can influence the investment level of the economy.

However, financial intermediaries are also subject to a risk-weighted capital requirement con-

straint of the following form:

∑
k

Ik
j − PdDj ≥∑

k
ωk Ik

j , (44)

where Dj > 0 is the level of debt raised and Pd is its equilibrium price. When they raise debt

instead of equity, it tightens this constraint, counterbalancing its tax advantage. Therefore, inter-

mediaries face a meaningful capital structure trade-off. Moreover, the particular risk-weights, ωk,

imposed on assets of class k ∈ {0, 1}, can serve to relatively discourage investment in that class

and, through that, control investment composition in the economy.

We show in Supplement OS.5 that any allocation with the following properties can be imple-

mented through appropriately chosen tax benefit of debt and risk weights: the allocation (i) is

feasible, (ii) is constrained by limited participation, (iii) features implicit subsidies to investment

and (iv) features implicit taxes on risk-taking.
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Investment and risk-taking wedges. Consider the capital structure choice of the financial inter-

mediary. We show in Appendix D that, given the tax benefit (τd ≥ 0), the level of debt (Dj > 0) and

its equilibrium price (Pd), the following distortion in the Euler equation for the overall investment

level, I:

E

[
Mj,sRa

j,s
Ks,j

I − PdτdDj

]
= 1. (45)

The tax benefit essentially reduces the cost of investment, creating a wedge in the investment

Euler equation. Notice that risk weights do not directly affect this equation. In contrast, they have

a direct impact on the Euler equation for the investment composition:

E
[

Mj,sRa
j,s ϕe

s

]
= (ω1 −ω0)Pdτd. (46)

Imposing an additional risk weight on risky assets, ω1 > ω0, tends to reduce the intensity of

risk-taking in the economy. By reducing risk-taking, intermediaries change the covariance of ϕe
s

with the SDF, such that it matches the right-hand side of Eq. (46). The term Pdτd captures the

shadow cost of the regulatory constraint. The intermediary optimally balances this shadow cost

with the tax benefit.

We then solve for the optimal policy and show that it requires wedges of the following form:

Pdτd
Dj

I
= IREI (47)

and

(ω1 −ω0)τdPd = IREχ, (48)

where IREI ≈ (1− α)γφu
[
(1− χ)EQ[σ2

s ] + χEQ[σ2
s ϕ1

s ]
]

and IREχ ≈ −(1− α)γφuCovQ(σ2
s , ϕe

s)

are, respectively, measures of the marginal impact of the investment level and of the investment

composition on the idiosyncratic risk externalities. These measures are analogous to those pre-

sented in Propositions 2 and 3. Intuitively, unlike individual investors under laissez-faire, the

social planner internalizes the impact of investment decisions on the distribution of idiosyncratic

risk.

Eq. (47) shows that the tax benefit, per unit of investment, should equal the risk externality on

investment. All the elements required to estimate the tax benefit can be recovered directly from
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the data, as illustrated in Section 4. This sufficient-statistic approach contrasts with alternative

frameworks for financial regulation design, which typically rely on the calibration and numerical

solution of an economic model.

Eq. (48) connects the risk weights, the tax benefit on debt, and the risk externality on aggregate

risk-taking. Its left-hand side captures the effect of the regulation on the risk-taking decision.

The term (ω1 − ω0) corresponds to the extent to which an increase in the share invested in the

risky technology tightens the regulatory constraint, while τdPd captures the shadow cost of the

regulatory constraint. Given that the regulatory cost is an important part of the choice of capital

structure, the shadow cost of the regulatory constraint must equalize the tax benefit of debt. The

right-hand side captures the externality perceived by the social planner. By matching the effective

regulatory cost of the risky technology with the corresponding externality, the planner induces

financial intermediaries to take the appropriate degree of risk from a social perspective.

A valuable property of Eq. (48) for the determination of risk weights is again that it can be esti-

mated directly from the data. In our empirical exercise in Section 4, we connect the risk externality

to the idiosyncratic variance risk premium, in the context of our simple two-state model. Our for-

mulas hold more generally, though, and one could apply the same expressions on environments

with several assets and aggregate states, providing a tight connection between the data on asset

prices and the optimal regulatory risk weights.13

6. Conclusion

In this paper, we study the impact of portfolio diversification frictions on asset prices, invest-

ment, and welfare. We consider a production asset-pricing model where investors hold under-

diversified portfolios and idiosyncratic return risk is endogenous and countercyclical. We show

that, absent intervention, this economy is constrained inefficient, featuring underinvestment and

excessive aggregate risk-taking. Our main contribution lies in identifying these inefficiencies and

connecting their magnitudes to sufficient statistics, which can be measured directly in the data. In

particular, these statistics are derived from two risk premia: an idiosyncratic risk premium and an

13In particular, the risk weight on asset k is given by ωk −ω0 = κCovQ(σ2
s , ϕe,k

s ), given a positive constant κ > 0, for
k ∈ {1, 2, . . . , K} and K is the number of risky assets.
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idiosyncratic variance risk premium.

We find that idiosyncratic uncertainty has a significant impact on welfare and also consider the

optimal financial regulation. The optimal allocation can be implemented using two instruments: a

tax benefit on debt and risk-weighted capital requirements on financial intermediaries. Intuitively,

the tax benefit stimulates an increase in investment levels, while the appropriate risk weights

control risk-taking. The time-varying behavior of these inefficiency measures can provide further

guidance to regulators. For instance, given that the measures of inefficiencies are countercyclical,

they can be used to inform the implementation of a countercyclical capital buffer.

Our model can be further extended in several other directions. For instance, there is extensive

work on limited international risk-sharing. Imperfect diversification across international markets

may lead to risk externalities and inefficiencies similar to the ones we find. Additionally, the

financial intermediaries we consider are not subject to any frictions other than regulation itself.

An interesting research direction is to consider the role of risk externalities in a setting where

the balance sheets of intermediaries play an important role, as in the intermediary asset-pricing

literature (e.g., He and Krishnamurthy 2013). Given the importance of financial intermediaries in

determining asset prices, this could be another example of how asset-pricing information may be

relevant to the design of financial regulation.
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Appendix A. Appendix for Section 2

A.1. The gamma process and the limit economy with a continuum of firms

A gamma process is a stochastic process with independent gamma-distributed increments.

Let the (shape) parameter ν control the rate of jump arrivals and the (rate) parameter λ inversely

control the jump size. We denote the process by Γ (t, ν, λ) or Γt, with some abuse of notation.

The gamma bridge is obtained by fixing a gamma process on a given position at a particular

location t. Take the bridge
{

ΓB
t
}

that has final value 1 at t = 1. It can be constructed from an

arbitrary gamma process Γ (t, ν, λ) by setting ΓB
t = Γt

Γ1
. By the scaling property of the underlying

gamma process, its law is invariant to the rate parameter λ (see Hoyle, 2010, p. 26 and Brody et al.,

2008).

For an arbitrary number of firms, N, construct θj,s = ΘN
[
ΓB

j − ΓB
j− 1

N

]
. By the properties of the

gamma distribution, each disturbance component ΓB
j − ΓB

j− 1
N
∼ Be

(
ν 1

N , ν N−1
N

)
, where Be (α, β)

denotes the beta distribution with its two shape parameters.14 Also, the joint distribution of these

components is a symmetric Dirichlet distribution and, by construction, TFP risk is idiosyncratic,

because ∑ θj
N

a.s.
= Θ = E

[
θj,s
]

. Note that, from the properties of the Dirichlet distribution, we have

that the correlation between the productivity of any two distinct firms is given by ρ = − 1
N−1 .

Let θi,s = ∑j∈Pi
θj/ |Pi| . Then, θi,s = Θ xi,s

φ , where φ = |Pi |
N ∈

{ 1
N , 2

N , ..., 1
}

represents the

effective coverage of the agent’s participation set and xi,s ∼ Be (νφ, ν (1− φ)) . It follows that the

distribution of investor’s returns and consumption does not depend on the particular N, only on

the coverage of her participation set. This allows us to study a limit economy with a continuum

of firms and well-behaved idiosyncratic risk at the investor level.

A.2. Asymptotic analysis

Consider a family of economies parameterized by σθ , where the productivity of firm j is given

by

θj,s (σθ) = Θ + σθεj,s, (A.1)

14Notice that ΓB
j − ΓB

j− 1
N

=
(

Γj − Γj− 1
N

) {
Γj − Γj− 1

N
+ Γ1 −

(
Γj − Γj− 1

N

)}−1
represents the proportion between

Γj − Γj− 1
N
∼ Γ

(
ν
N , λ

)
and its complement Γ1 −

(
Γj − Γj− 1

N

)
∼ Γ

(
ν
(N−1)

N , λ
)

.
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where {εj,s}j∈J is a collection of random variables satisfying E[εj,s] = 0, Var[εj,s] = 1, and pair-

wise correlation ρ = − 1
N−1 .

We consider a second-order perturbation around the economy without idiosyncratic risk, that

is, σθ = 0. In particular, we solve for an approximation of the investors’ consumption (C0, Ci,s),

firms’ investment decisions (I0, I1), and return on assets Ra
j,s. More explicitly, for the variables

without exposure to idiosyncratic risk, we consider the expansion

C0(σθ) = C∗0 + Ĉ0σ2
θ + o(σ2

θ ) (A.2)

Ik(σθ) = Ik,∗ + Îkσ2
θ + o(σ2

θ ), (A.3)

for k = 0, 1.

Note that this already imposes the result that the first-order term for C0 and Ik are equal to zero,

in a way analogous to the findings in Schmitt-Grohé and Uribe (2004). In the above expression,

C∗0 and Ik,∗ denote, respectively, the level of initial consumption and investment in technology k in

the economy without idiosyncratic risk, i.e., σ2
θ = 0. Our main interest lies in determining how C0

and Ik respond to the presence of idiosyncratic risk, i.e., to solve for the impact of the idiosyncratic

variance σ2
θ on these variables, given by the terms Ĉ0 and Îk.

Stochastic discount factor. Consumption of investor i at date t = 1 is given by Ci,s = Ra
i,sKs/N,

where Ra
i,s := ∑j ωi,jRa

j,s. We can then write consumption of investor i as follows:

Ci,s(σθ) = (1 + ψs(σθ)σθε
p
i,s)Ra

s(σθ)
Ks(σθ)

N
, (A.4)

where ε
p
i,s := ∑j ωi,jεj,s, Ra

s(σθ) = 1− δ + αΘαKα−1
s (σθ), and ψs(σθ) =

αΘαKα−1
s (σθ)

1−δ+αΘαKα−1
s (σθ)

1
Θ .

The second-order expansion of Ci,s(σθ) can be written as

Ci,s(σθ) = C∗s + C∗s ψ∗s ε
p
i,sσθ + Ĉsσ

2
θ + o(σ2

θ ), (A.5)

where ψ∗s = ψs(0), Ĉs = C∗s (1− (1− α)Θψ∗s )
K̂s
K∗s

, and Ks(σθ) = K∗s + K̂sσ
2
θ + o(σ2

θ ).
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Taking a power k of Ci,s, we obtain

Ck
i,s(σθ) = (C∗s )

k + k(C∗s )
kψ∗s ε

p
i,sσθ +

[
k(k− 1)(C∗s )

k(ψ∗s )
2 (ε

p
i,s)

2

2
+ k(C∗s )

k−1Ĉs

]
σ2

θ + o(σ2
θ ), (A.6)

The SDF for investor i can then be written as

Mi,s = βC−γ
i,s Cγ

0 = M∗i,s − γM∗i,sψ
∗
s ε

p
i,sσθ + M̂i,sσ

2
θ + o(σ2

θ ), (A.7)

where

M̂i,s = M∗s

[
−γ

Ĉs

C∗s
+

γ(γ + 1)
2

(ψ∗s )
2(ε

p
i,s)

2 + γ
Ĉ0

C∗0

]
(A.8)

Fim’s ROA. The ROA for firm j can be written as

Ra
j,s = Ra,∗

s + Ra,∗
s ψ∗s εj,sσθ + R̂a

s σ2
θ + o(σ2

θ ), (A.9)

where R̂a
s = −(1− α)Ra,∗

s ψ∗s Θ K̂s
K∗s

.

A.3. Proof of Proposition 1

Proof. Take an arbitrary stockholder i (such that j ∈ Pi) as the decision maker for that firm. This

arbitrary choice is not a concern as the results on a firm’s decisions will be shown are identity

independent. The Euler equations that implicitly define the level of overall investment (I = ∑k Ik)

and its composition
(

χ = I1

I0+I1

)
can be written as follows:

E
[

βC−γ
i,s Ra

j,s

]
− C−γ

0 = 0, E
[
C−γ

i,s Ra
j,s ϕe

s

]
= 0, (A.10)

where

Ci,s = (1 + ψsσθε
p
i,s)Ra

s(1 + χϕe
s)I, C0 = E0 − I, Ra

j,s = Ra
s(1 + ψsεj,sσθ). (A.11)

Plugging the expression for consumption and return on assets into the Euler equations, we

obtain

E

[
βI−γ (1 + χϕe

s)
−γ
(

Ra
s

)1−γ
η
−γ
i,s ηj,s

]
− (E0 − I)−γ = 0 (A.12)
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and

E

[
βI−γ (1 + χϕe

s)
−γ
(

Ra
s

)1−γ
η
−γ
i,s ηj,s ϕe

s

]
= 0, (A.13)

where

ηi,s := 1 + ψsε
p
i,sσθ and ηj,s := 1 + ψsεj,sσθ . (A.14)

Let us do a second-order asymptotic expansion around σ2
θ = 0. We initially expand the follow-

ing conditional expectation of interest,

Es

[
βI−γ (1 + χϕe

s)
−γ
(

Ra
s

)1−γ
(ηi,s)

−γ ηj,s

]
= µ∗s

[
1− γ

Î
I∗

σ2
ε − γ

χ̂

(1 + χϕe
s)

ϕe
sσ

2
θ + (1− γ)

R̂a
s

Ra,∗
s

σ2
ε

+γ (γ− 1)
(ψ∗s )

2

2
φuσ2

θ

]
, (A.15)

where µ∗s := β (I∗)−γ (Ra,∗
s )

1−γ
(1 + χ∗ϕe

s)
−γ and we use the fact that Var(εp

i,s) = Cov(εp
i,s, εj,s) =

φuσ2
θ .

Notice also that
R̂a

s
Ra,∗

s
= − (1− α)ψ∗s Θ

[
Î
I∗

+
χ̂

(1 + χ∗ϕe
s)

ϕe
s

]
. (A.16)

For the second term in Eq. (A.12), we have

(E0 − I)−γ = (E0 − I∗)−γ
[

1 + γ
Î

E0 − I∗
σ2

θ

]
+ o

(
σ2

θ

)
. (A.17)

Evaluating at σθ = 0, we have E
[

β (I∗)−γ (Ra,∗
s )

1−γ
(1 + χ∗ϕe

s)
−γ
]
= (E0 − I∗)−γ, so E [µ∗s ] =

u
′
(C∗0 ).

Combining these expressions, we obtain

E

[
µ∗s

(
γ

(
Î
I∗

+
Î

E0 − I∗

)
+ (1− γ) (1− α)ψ∗s Θ

[
Î
I∗

+
χ̂

(1 + χ∗ϕe
s)

ϕe
s

]
+γ

χ̂

(1 + χ∗ϕe
s)

ϕe
s − γ (γ− 1)

(ψ∗s )
2

2
φu

)]
= 0. (A.18)
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Now, let’s focus on Eq. (A.13) and expand the following conditional expectation

Es

[
β(I∗)−γ

(
Ra

s

)1−γ
(1 + χϕe

s)
−γ η

−γ
i,s ηj,s ϕe

s

]
= µ∗s ϕe

s

[
1 + (1− γ)

R̂a
s

Ra,∗
s

σ2
θ

−γ
χ̂

(1 + χϕe
s)

ϕe
sσ

2
θ + γ (γ− 1)

(ψ∗s )
2

2
φuσ2

θ

]
. (A.19)

Notice that, evaluating at σθ = 0, E [µ∗s ϕe
s] = 0. Therefore, any state-invariant term in Eq.

(A.19) cancels out once averaged out across states. The ensuing equation can also be written in a

covariance form.

Organizing the system formed by Eq. (A.18) and the unconditional expectation of Eq. (A.19)

in matrix form, we obtain  a1,1 a1,2

a2,1 a2,2,


 Î

χ̂

 =

 b1

b2

 , (A.20)

where the coefficients ai,j and intercepts bi are provided as follows. First,

a1,1 = E

[
µ∗s

(
γ

(
1

E− I∗
+ (1− (1− α)ψ∗s Θ)

1
I∗

)
+ (1− α)

ψ∗s Θ
I∗

)]
> 0. (A.21)

Additionally,

a1,2 = E

[
µ∗s ((1− α)ψ∗s Θ + γ (1− (1− α)ψ∗s Θ))

ϕe
s

(1 + χ∗ϕe
s)

]
< 0, (A.22)

in which the sign follows after some manipulation,15 and

a2,1 = (1− γ) (1− α)Cov
(

µ∗s ϕe
s,

ψ∗s Θ
I∗

)
. (A.23)

For characterizing the sign of a2,1, first notice that, µ∗H < µ∗L, ϕe
H > 0 > ϕe

L, and ψH < ψL (counter-

cyclical idiosyncratic risk). So, Cov
(

µ∗s ϕe
s,

ψ∗s
I∗

)
< 0 and it follows that a2,1 > 0 whenever γ > 1.

We also obtain the following:

a2,2 = E

[
µ∗s

(ϕe
s)

2

(1 + χϕe
s)

((1− α)ψ∗s Θ + γ (1− (1− α)ψ∗s Θ))

]
> 0. (A.24)

15Note that a1,2 = Cov
(

µ∗s ϕe
s, γ(1−δ)+(αγ+(1−α))αΘαKα−1

s
(1−δ)Ks+αΘαKα

s

)
I∗ < 0.
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Last, b1 = γ(γ−1)
2 φuE

[
µ∗s (ψ

∗
s )

2
]

and b2 = γ(γ−1)
2 φuCov

(
µ∗s ϕe

s, (ψ∗s )
2
)

. Whenever γ > 1, b1 > 0

and b2 < 0. Let A be the matrix defined by ai,j above. Then, γ > 1 ensures that det (A) > 0 and

Î =
a2,2b1 − a1,2b2

det (A)
, (A.25)

which has an ambiguous sign. Notice that if χ̂ = 0 as a constraint or b2 → 0 (which occurs when

δ→ 1 and ψ∗s converges to a constant, becoming acyclical), then Î > 0.

For χ̂, we have

χ̂ =
a1,1b2 − a2,1b1

det (A)
< 0. (A.26)

Appendix B. Appendix for Section 3

B.1. Proof of Propositions 2 and 3

Proof. We first consider the welfare implications of a general perturbation (κ0, κ1). Then we study

two specific cases: in one case, the perturbation affects the aggregate level of investment; in an-

other, it only alters the aggregate risk taking but leaves the total investment unchanged.

General perturbation. For a given pair (κ0, κ1), the derivative of V with respect to ∆, at ∆ = 0 is

V ′ (∆) = ∑
k

(
−u

′
(C0) + βE

[
u
′
(Ci,s)

(
Ra

i,s(∆)ϕk
s

)])
κk

+ β ∑
k

(
E

[
u
′
(Ci,s)

((
∂Ra

s(∆)
∂Ks

Ks(∆)
θi,s

Θ
+ (1− α) αΘαKα−1

s (∆)

))
ϕk

s

])
κk. (B.1)

Notice that ∂Ra
s (∆)

∂Ks
Ks (∆) = − (1− α) αΘαKα−1

s (∆) . When computed under the laissez-faire

allocation, the first term in Eq. (B.1) vanishes and

∂Ra
s(0)

∂Ks
Ks (0) = − (1− α)ψsΘRs (0) , (B.2)
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allowing us to obtain

V ′ (0) = − (1− α) β ∑
k

(
E
[
u
′
(Ci,s)ψsε

p
i,sσθ Ra

s (0) ϕk
s

])
κk (B.3)

= − (1− α) β ∑
k

(
E
[
u
′
(Ci,s) (ηi,s − 1) Ra

s (0) ϕk
s

])
κk, (B.4)

where ηi,s is defined as in Eq. (A.14).

Therefore, for the general perturbation,

V ′ (0)
u′ (C0)

= − (1− α)E
[
Covs

(
Mi,s, Ra

i,s
)
(κ0 + κ1ϕ1

s )
]

, (B.5)

using the fact that Es[Ra
i,s − Ra

s ] = Es[(ηi,s − 1)Ra
s ] = 0.

The covariance above can be written as

Covs(Mi,s, Ra
i,s) = Covs

(
−γM∗i,sψ

∗
s ε

p
i,sσθ , Ra,∗

s ψ∗s ε
p
i,sσθ

)
+ o(σ2

θ )

= −γφuσ2
s M∗i,sRa,∗

s + o(σ2
θ ). (B.6)

The derivative of the value function can then be written as

V ′(0)
u′(C0)

= (1− α)γφuE

[
β

u′(C∗s )
u′(C∗0 )

Ra,∗
s σ2

s (κ0 + κ1ϕ1
s )

]
+ o(σ2

θ ). (B.7)

Up to the first-order in σ2
θ , we can write

V ′(0)
u′(C0)

= (1− α)γφuE

[
β

u′(Ci,s)

u′(C0)
Ra

i,sσ
2
s (κ0 + κ1ϕ1

s )

]
+ o(σ2

θ ). (B.8)

From the Euler condition for the riskless technology, we deduce that

E

[
β

u′(Ci,s)

u′(C0)
Ra

i,s

]
= 1. (B.9)
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Finally, define the risk-neutral probabilities as follows16

EQ [Xs] ≡ E

[
β

u′(Ci,s)

u′(C0)
Ra

i,sXs

]
, (B.10)

for any random variable Xs.

This allows us to write

V ′(0)
u′(C0)

= (1− α)γφuEQ
[
σ2

s (κ0 + κ1ϕ1
s )
]
+ o(σ2

θ ). (B.11)

Underinvestment. Take κ0 = 1 and κ1 = 0. Then, for the first part of the proposition, notice that

Eq. (B.5) implies that

V ′ (0)
u′ (C0)

= − (1− α)E

[
β

C−γ
s

C−γ
0

RsCovs

(
η
−γ
i,s , ηi,s

)]
> 0, (B.12)

because the conditional covariance above involves the random variable ηi,s and a strictly decreas-

ing function of itself. For the asymptotic approximation, notice that V′(0)
u′(c0)

= (1− α)γφuEQ
[
σ2

s
]
.

Corollary 1 follows immediately by imposing α = 1 in the expression above.

Last, we show that the idiosyncratic variance risk premium is positive:

EQ[σ2
s ]−E[σ2

s ] = E[Mi,sRa
i,sσ

2
s ]−E[Mi,sRa

i,s]E[σ2
s ] (B.13)

= Cov
(

β
u′(Ci,s)

u′(C0)
Ra

i,s, σ2
s

)
> 0, (B.14)

where the inequality follows from u′(Ci,s), Ra
i,s, and σ2

s being all countercyclical.

Excessive aggregate risk-taking. Taking κ0 = 1√
VarQ[ϕ1]

and κ1 = − 1√
VarQ[ϕ1]

, we have that Eq.

(B.5) implies that

V ′ (0)
u′ (C0)

= (1− α)E

[
β

C−γ
s

C−γ
0

Ra
s Covs

(
η
−γ
i,s , ηi,s

)
ϕe

sκ0

]
. (B.15)

16Note that β
u′(Ci,s)
u′(C0)

Ra
i,s is the relevant pricing kernel for payoffs in terms of capital in period, i.e., before production

takes place. Since the expectation of this pricing kernel is one, there is no risk-free rate dividing the expression.
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Then, notice that the Euler equation for the composition of investment implies

E

[
β

C−γ
s

C−γ
0

Ra
s ϕe

sEs

[
η
−γ
i,s ηi,s

]]
= 0. (B.16)

Then, using that Es [ηi,s] = 1 and the last two equations, we obtain

V ′ (0)
u′ (C0)

= − (1− α)E

[
β

C−γ
s

C−γ
0

RsEs

[
η
−γ
i,s

]
ϕe

s

]
κ0 > 0, (B.17)

because β
C−γ

l
C−γ

0
> β

C−γ
l

C−γ
0

, ϕe
h > 0 > ϕe

l , ηi,l is a mean-preserving spread of ηi,h and the conditional

expectation term above involves a convex function.

For the asymptotic approximation, notice that

V ′(0)
u′(C0)

= −(1− α)γφu
EQ
[
σ2

s
(

ϕ1
s −EQ[ϕ1]

)]√
VarQ[ϕ1]

= −(1− α)γφu
CovQ

(
σ2

s , ϕ1
s
)√

VarQ[ϕ1]
, (B.18)

where we use the fact that EQ[ϕ1
s ] = 1. We can also rewrite the first line as

V ′(0)
u′(C0)

= −(1− α)γφu
1

√
qhql

(
ϕ1

h − ϕ1
l

) [qhqlσ
2
h

(
ϕ1

h − ϕ1
l

)
− qhqlσ

2
l

(
ϕ1

h − ϕ1
l

)]
(B.19)

= (1− α) γφu
√

qhql
(
σ2

l − σ2
h
)

, (B.20)

where the probabilities are to be interpreted as risk-neutral probabilities.

The idiosyncratic variance risk premium can be written as

EQ[σ2
s ]−E[σ2

s ] = (ql − pl)(σ
2
l − σ2

h ) > 0, (B.21)

given ql > pl and σl > σh.

Combining the previous two equations, we obtain the last expression in the proposition.

B.2. Extensions

See the online supplement, Section OS.1.
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Appendix C. Appendix for Section 4

In Section 4, we perform a quantification of the welfare impact of the idiosyncratic risk exter-

nalities. In this appendix, we provide additional detail.

C.1. Estimating the idiosyncratic risk premium

From Eq. (29), we know that γφu captures the impact of variations in idiosyncratic risk on

expected returns, controlling for exposure to aggregate factors. This motivates the following em-

pirical specification:

re
i,t+1 = λ0 + λidEt[σ

2
i,t+1] +λλλ′ XXXi,t + εi,t+1, i = 1, ..., N, t = 1, ..., T − 1, (C.1)

where re
i,t+1 is the realized excess return on stock i in period t + 1, Et[σ2

i,t+1] is the expected vari-

ance of the idiosyncratic return in t + 1 conditional on information in t, and XXXi,t is a vector of other

characteristics that are well-known proxies for a stock’s exposure to standard aggregate risk fac-

tors. Our primary interest is the slope coefficient λid for Et[σ2
i,t+1], to which we refer as the price

of idiosyncratic risk. The theory predicts that λid = γφu should be positive, which means that a

higher expected idiosyncratic risk is associated with a higher expected excess return.

Ang et al. (2006) find a negative price of risk. From the perspective of theory, this result could

be a reflection of either not fully controlling for an exposure to aggregate factors or a consequence

of mismeasurement in the expected idiosyncratic variance. Fu (2009) points out the importance of

accounting for mean-reversion in volatility, as the results in Ang et al. (2006) may be biased in this

case. See also Mehra et al. (2019), Spiegel and Wang (2007) and Eiling (2013), that obtain positive

premium estimates with related approaches.

Sample and variables. Following the convention, we test specification (C.1) on the cross-section

of CRSP stocks. Our sample includes stocks that are ordinary common shares issued by companies

incorporated in the U.S. and listed on the NYSE, the AMEX, or the NASDAQ. We obtain from the

CRSP database these stocks’ monthly returns, as well as other relevant information for the period

running from 1963M07 through 2018M12. We measure the expected level of idiosyncratic risk for

a stock-month by the conditional variance of the idiosyncratic return; we define the idiosyncratic
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Table C.1
Summary statistics. This table provides the summary of monthly stock returns (ri,t) and a selection of
salient characteristics for a sample of CRSP stocks that are ordinary common shares issued by companies
incorporated in the U.S. and listed on the NYSE, the AMEX, or NASDAQ. The sample spans the period
from 1963M07 through 2018M12. The selected characteristics include: Et−1[σ

2
i,t], expected idiosyncratic

variance estimated by EGARCH models; βW , Welch (2019) market beta; ME, market capitalization of the
issuing firm (converted into real terms using the CPI); BM, book-to-market ratio of the issuing firm;
Rt−7→t−2, six-month cumulative gross return in the recent past (skip one adjacent month); TURN,
average monthly turnover; CVTURN, coefficient of variation for monthly turnover. Note that some
variables are logarithmized following the literature. A 99% winsorization is applied to reduce the
influence of outliers.

Percentiles

Characteristics Mean S.D. 10th 25th 50th 75th 90th

ri,t (%) 1.060 14.010 -13.905 -6.015 0.000 6.977 16.129
Et−1[σ

2
i,t] (%) 1.844 3.080 0.253 0.458 0.944 2.032 4.053

βW 0.801 0.454 0.235 0.455 0.761 1.102 1.418
ln(ME) 3.901 2.130 1.194 2.347 3.823 5.384 6.684
ln(BM) -0.493 0.867 -1.569 -0.965 -0.411 0.068 0.493
Rt−7→t−2 1.067 0.368 0.680 0.862 1.033 1.213 1.450
ln(TURN(%)) 1.649 1.132 0.194 0.853 1.653 2.468 3.118
ln(CVTURN(%)) 4.088 0.478 3.475 3.757 4.083 4.395 4.692

return as the residual excess return that is unexplained by Fama and French’s (1993) three factors.

Specifically, we postulate the following representation of excess returns:

re
i,t =αi + βi,mktre

m,t + βi,smbSMBt + βi,hml HMLt + ε i,t, where ε i,t ∼ N(0, σ̂2
i,t)

ln σ̂2
i,t =ai +

p

∑
j=1

bi,j ln σ̂2
i,t−j +

q

∑
k=1

ci,k

{
θ

(
ε i,t−k

σ̂i,t−k

)
+ ν

[∣∣∣ ε i,t−k

σ̂i,t−k

∣∣∣−√ 2
π

]}
,

(C.2)

in which the conditional variance of ε i,t is our measure of expected idiosyncratic risk; it is rep-

resented by an EGARCH model. Following Fu’s (2009) procedure, we estimate, for each stock,

nine versions of the model with various combinations of p and q as the EGARCH parameters,

and we pick the one with the lowest Akaike Information Criterion (AIC). Then for each month we

use the selected model to provide a prediction of the idiosyncratic risk conditional on informa-

tion from the recent past. As shown in Table C.1, the median expected idiosyncratic variance in

our sample is 0.944%, similar to that reported in Fu (2009). In Fig. 2, we plot, month by month,

the cross-sectional averages of expected idiosyncratic variance. One can clearly see evidence of

countercyclicality in this series: there are sizeable spikes in almost every recession.
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Besides the expected idiosyncratic variance, we also compute a selection of other character-

istics for each stock, which include: βW , the market beta; ME, the market capitalization of the

issuing firm; BM, the book-to-market ratio of the issuing firm; Rt−7→t−2, the six-month cumula-

tive gross return in the recent past (skip one adjacent month); TURN, the average monthly share

turnover; and CVTURN, the coefficient of variation for monthly turnover.

Specifically, we follow Welch (2019) in calculating market betas. Specifically, for each stock-

month, we obtain daily return data for the previous 60 months and we winsorize the stock’s daily

excess return at (1 ± 3)× market excess return. Then, we run a weighted least squares (WLS)

univariate regression of this stock’s winsorized excess return on the market excess return; the

weight is computed according to a decay rate of 2/252 per day (that is, older observations are

given lower weights). The WLS slope coefficient is our estimate of market beta (βW). The average

βW in our sample is 0.8, consistent with Welch (2019).

We compute the market capitalization (ME) for a company by aggregating the market value of

all its outstanding shares (which is equal to the product of the price per share and the number of

shares outstanding—both variables come from the CRSP data). Then we assign a firm’s ME to its

stocks. Stocks whose issuing firms have multiple share classes, they are assigned the ME of their

issuing firms, which are not equal to their own market values. We convert ME into real terms

using the CPI index to make it more comparable across time. The median stock in our sample has

a ME of around 46 million real dollars.

We follow Fama and French (1992) in calculating the book-to-market (BM) ratio, which is the

book value of equity divided by the market value of equity; both variables are calculated using

fiscal year-end information from the Compustat database. For the market value of equity, if it

is not available from an annual accounting record, we calculate it using the subsequent fiscal

quarter’s information. For each firm, we match the BM ratio for a fiscal year ending in year t− 1

to its monthly stock returns from July of year t through June of year t + 1; this is to ensure that a

BM ratio is known before the returns it predicts. In our sample, the median stock has a BM ratio

of 0.66.

We measure a stock’s past performance by a six-month cumulative gross return. For each

month t, we compute, stock by stock, the buy-and-hold compound gross return from month t− 7

through t − 2; the adjacent month t − 1 is excluded to avoid short-term reversals that are likely
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caused by trading frictions. Holding a median stock in our sample for six months provides a total

return of around 3.3%.

Lastly, we compute two measures of liquidity and its variability following Chordia, Subrah-

manyam, and Anshuman (2001). For each stock-month, we calculate the average of the monthly

share turnovers (that is, the share volume divided by the total shares outstanding) over the previ-

ous 36 months (TURN), as well as the coefficient of variation for share turnovers over that period

(CVTURN). In our sample, the median stock experiences average monthly turnover of 5.22%,

and the corresponding coefficient of variation is 59.32%.

Fama-MacBeth regressions. Within this sample of stocks, we estimate Eq. (C.1) via a standard

Fama and MacBeth (1973) procedure. Specifically, we perform, month by month, cross-sectional

regressions of excess stock returns on expected idiosyncratic variance, as well as other character-

istics. We then compute time-series averages of the slope coefficients obtained from these cross-

sectional regressions, as well as the corresponding Fama-MacBeth t-statistics with Newey and

West (1987) correction (one lag). We report these results in Table C.2.

We start by replicating some well-documented results in the literature. The results we report

in column 1 of Table C.2 confirm Fama and French’s (1992) finding that market beta alone does not

have much explanatory power for average stock returns. In this case, the average slope for market

beta is negative, contrary to the prediction of standard asset-pricing theory. Column 2 indicates

that, when we add size and the book-to-market ratio as explanatory variables, we observe a strong

value effect (that is, stocks with high book value of equity relative to their market value tend to

bring higher average returns), yet we also observe a weak size effect (that is, big firms tend to have

lower stock returns). The slope for market beta remains negative and insignificant. To obtain the

results reported in column 3, we further include a measure of past performance, as well as two

measures of liquidity and its variability. Now we observe a strong size effect: the slope for ln(ME)

is negative and significant. In addition, we also see strong momentum and liquidity effects, as

documented by Jegadeesh and Titman (1993) and Chordia et al. (2001), among others. Stocks

bringing high returns in the past, displaying low liquidity, or featuring low variability of liquidity

tend to bring higher returns. The slope for market beta turns positive but is still insignificant.

Next we turn to the main results. To obtain the results reported in column 4 of Table C.2, we
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Table C.2
Fama-MacBeth regressions. This table reports the estimation results of Fama-MacBeth regressions
specified as re

i,t+1 = a + λivarEt[σ2
i,t+1] +λλλ′ XXXi,t + εi,t+1, where re

i,t+1(≡ ri,t+1 − r f ,t) is the return on stock i
in excess of the one-month Treasury bill rate in month t + 1, and Et[σ2

i,t+1] is the expected idiosyncratic
variance in month t + 1 based on EGARCH prediction. XXXi,t is a vector of other characteristics that are
known in month t; they include: βW , Welch (2019) market beta; ln(ME), log market capitalization of the
issuing firm; ln(BM), log book-to-market ratio of the issuing firm; Rt−6→t−1, past cumulative gross return;
ln(TURN), log average monthly turnover; and ln(CVTURN), log coefficient of variation for monthly
turnover. In square brackets are Fama and MacBeth (1973) t-statistics with Newey and West (1987)
correction (one lag). The sample period is 1963M07 to 2018M12.

re
i,t+1

(1) (2) (3) (4) (5) (6) (7) (8)

Et[σ2
i,t+1] 0.35 0.38 0.46 0.45 0.52

[13.50] [14.80] [20.38] [20.88] [20.33]
βW -0.27 -0.09 0.11 -0.39 -0.57 -0.58 -0.22

[-1.52] [-0.44] [0.71] [-2.29] [-3.02] [-3.28] [-1.48]
ln(ME) -0.01 -0.13 0.24 0.21 0.09

[-0.19] [-3.31] [6.57] [6.23] [2.57]
ln(BM) 0.31 0.20 0.49 0.46 0.35

[6.72] [4.71] [11.11] [10.43] [8.34]
Rt−6→t−1 0.93 0.96 1.01

[6.32] [6.72] [7.04]
ln(TURN) -0.17 -0.31

[-3.79] [-7.22]
ln(CVTURN) -0.57 -0.78

[-11.12] [-15.73]
a (constant) 0.81 0.87 2.75 -0.07 0.22 -0.36 -1.31 2.51

[4.87] [3.52] [7.52] [-0.32] [1.48] [-1.66] [-4.77] [6.91]

use expected idiosyncratic variance alone to explain the cross-section of average stock returns.

We find that idiosyncratic risk has strong explanatory power for average returns: the slope for

Et[σ2
i,t+1] is positive and 13.50 standard errors away from zero; its magnitude suggests that a one

percentage point increase in expected idiosyncratic variance is associated with a 35 basis point

increase in average stock return. In the remaining columns, we report regressions that include

other characteristics to control for exposure to common risk factors. We find that the explanatory

power of idiosyncratic risk becomes even stronger: the slopes for Et[σ2
i,t+1] are always more than

10 standard errors away from zero, and their magnitudes suggest that a one percentage point

increase in expected idiosyncratic variance is associated with a 38 to 52 basis point increase in

average stock return.
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Fig. C.1. Price of idiosyncratic risk. This figure displays month-by-month estimates of the price of idiosyn-
cratic risk as measured by first-stage Fama-MacBeth slope coefficients for expected idiosyncratic variance
(λivar). A selection of other characteristics is also included in the Fama-MacBeth regressions to control for
standard risks. Shaded areas indicate U.S. recessions identified by the NBER.

-2

-1

0

1

2

3

4

5

1965
1970

1975
1980

1985
1990

1995
2000

2005
2010

2015
2020

Year

Price of Idiosyncratic Risk

Stability of the price of risk estimation. We plot, in Fig. C.1, the first-stage Fama-MacBeth

slope coefficients for expected idiosyncratic variance (λid), which can be construed as a measure

of idiosyncratic risk premium; all the other characteristics are also included to control for standard

risks. As shown, the idiosyncratic risk premium exhibited significant variations in the 1960s and

1970s, but has become fairly stable ever since. There is no discernible cyclical pattern whatsoever.

This is consistent with our model in which the idiosyncratic risk premium is equal to the product

of γ and φ, both of which are constant.

C.2. Return variance decomposition

This derivation follows Campbell et al. (2001) closely and it is provided for completeness. Let

rj,t denote the return on firm j, rm,t = ∑i wm,iri,t the return on the market, where wm denote the

market portfolio weights, and β j,t firm j’s (conditional) market beta. By definition of market beta,

we obtain that rj,t+1 = β j,trm,t+1 + ṽj,t+1, where Cov(rm,t+1, ṽj,t+1) = 0. Finally, define vj,t+1 ≡

rj,t+1 − rm,t+1 = (β j,t − 1)rm,t+1 + ṽj,t+1.
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The variance of returns can be written as

Vart[rj,t+1] = Vart[rm,t+1] + Vart[vj,t+1] + 2Covt(rm,t, vj,t)

= Vart[rm,t+1] + Vart[vj,t+1] + 2(β j,t − 1)Vart(rm,t+1), (C.3)

Let σ2
t ≡ ∑j wm,jVart[rj,t+1] and σ2

id,t ≡ ∑j wm,jVart[vj,t+1], then

σ2
t = σ2

m,t + σ2
id,t, (C.4)

where σ2
m,t = Vart[rm,t+1] and we used ∑j ωm,jβ j,t = 1.

Appendix D. Appendix for Section 5

D.1. Modified Setup

We assume that the planner controls investment and risk-taking through financial regulation.

We introduce a set of (local) financial intermediaries that raise funds from investors to finance

firms. These intermediaries are subject to regulatory constraints, issue debt and equity, and use

the proceeds to finance the firm at their particular locations. We assume that each intermediary

j ∈ J = { 1
N , 2

N , . . . , 1} is in a bilateral relationship with firm j and that the terms of the lend-

ing contract are determined through bargaining. For the sake of simplicity, we assume that the

intermediary has all the bargaining power, so firms make no profits in equilibrium. Given full

rent-extraction by intermediaries, we simply assume that non-financial firms are entirely bank-

financed and that the investors then choose a portfolio of financial firms within their limited-

participation sets. The assumption that the intermediary has all the bargaining power simplifies

the exposition, but it is not essential for the argument.

Financial intermediaries’ problem. Each intermediary j ∈ J maximizes the value of equity.

It also issues (riskless) deposits to investors, in quantity Dj. Intermediaries receive a subsidy on

deposits of τd, which can be interpreted as a tax shield. Let Pd denote the price investors pay on

the deposit (implying an interest rate of 1/Pd), so that the intermediary receives Pd(1 + τd) for

each unit of deposit.
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As intermediaries have all the bargaining power, they maximize the surplus of the relation-

ship with the firm. Hence, the intermediary chooses the level of investment to maximize the

operational profit generated by the firm, net of the intermediary’s borrowing costs. Formally, the

intermediary solves the problem

max
Dj,I0

j ,I1
j ≥0

{
Pd (1 + τd) Dj −

1

∑
k=0

Ik
j + E

[
Mj,s

(
Ra

j,s

1

∑
k=0

ϕk
s Ik

j − Dj

)]}
, (D.1)

subject to

Dj ≤ (1− δ)∑
k

Ik
j ϕk

L, ∑
k

Ik
j − PdDj ≥∑

k
ωk Ik

j . (D.2)

The modified investor’s problem. The investor’s problem in the regulated economy is

max
Ci,0,{ωi,j}j∈J

u (Ci,0) + βE [u (Ci,s)] , (D.3)

subject to non-negativity conditions on consumption, the participation constraint, ωi,j = 0, ∀j /∈

Pi, the summation constraint on portfolio weights, ∑j∈J ωi,j = 1 , and budget constraint,

Ci,s = Ri,s(E0 − T − Ci,0) + Tw,s, (D.4)

where

Ri,s ≡ Ψi ∑
j∈J

ωi,j
Ra

j,sKj,s − Dj

Pe,j
+ (1−Ψi)

1
Pd

, (D.5)

is the return on the investor’s portfolio, Ψi is the portfolio weight on risky assets, ωi,j is the share

of investor i’s equity investments allocated on intermediary j’s stock, T is a lump-sum levy used

to finance the debt tax benefit, and Tw,s is a lump-sum transfer from workers.

The equilibrium definition is provided in the Online Appendix. Section OS.5 of that supple-

ment offers an implementation result, demonstrating that a planner can use the tax benefit, τd,

and the risk weights, (ω0, ω1), to solve the implementation problem. In particular, this result

establishes that any allocation that is feasible, constrained in its risk-sharing by limited participa-

tion, and features both implicit subsidies to investment and implicit taxes on risk-taking can be

implemented as an equilibrium of an economy in which debt is subsidized by a tax benefit and a
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risk-weighted capital requirement constraint is imposed on intermediaries.

D.2. Optimal policy

We turn now to the design of the optimal policy. We seek first to characterize the properties

of the (constrained) optimal allocation and then build on the implementation results from Sup-

plement OS.5 to characterize how a tax benefit on debt and a risk-weighted capital requirement

can support this allocation in equilibrium. Relative to an unregulated economy, the planner inter-

nalizes changes in idiosyncratic risk that would be ignored by private agents. The magnitude of

these external effects are related to the optimal level of the policy instruments.

The key constraint imposed on the planner is limited participation in idiosyncratic risk-sharing.

Moreover, we assume that the planner has no instrument with which to distort the portfolio allo-

cation of investors, even among the assets satisfying the limited participation condition. We show,

however, this is not a relevant constraint. We consider a relaxed version of the planner’s problem,

where only the participation constraint is imposed, and then show that it is not optimal to distort

portfolio decisions.

We write the relaxed planning program as

max
I,χ,{ωi,j}j∈J ,{Tw,s}s

u (E0 − I) + βE

[
u

(
∑

j
ωi,jRa

j,sKj,s +
Tw,s

N

)]
, (D.6)

subject to the the participation constraint, ωi,j = 0, ∀j /∈ Pi, the constraint on the sum of portfolio

weights, ∑j∈J ωi,j = 1 , and

E
[
uw
(
(1− α) (ΘKs)

α − Tw,s
)]
≥ uw, (D.7)

where Ra
j,s = 1− δ + αθj (ΘKs)

α−1, Kj,s = (1 + χϕe
s) I and Ks = NKj,s.

In this planning problem, all constraints on feasibility and the distribution of consumption

across agents are taken into account, including the same limited participation in idiosyncratic risk-

sharing as before. Additionally, Constraint (D.7) guarantees that workers receive some arbitrary

utility level, given by the parameter uw. By varying this parameter, along with the lump-sum

transfer Tw,s, one can trace out a (constrained) Pareto frontier between workers’ and investors’
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expected utility. The solution to this problem is characterized in the following proposition.

Proposition 5 (Optimal Policy). The necessary first-order conditions of Problem (D.6) can be summarized

as:

i. A planner’s investment Euler equation,

1 = E

[
β

u′(Ci,s)

u′(C0)
Ra

j,s
Kj,s

I(1− IREI)

]
, (D.8)

where IREI ≈ (1− α)γφu
[
(1− χ)EQ[σ2

s ] + χEQ[σ2
s ϕ1

s ]
]
.

ii. A planner’s risky technology Euler equation,

E

[
β

u′(Ci,s)

u′(C0)
Ra

i,s ϕe
s

]
= IREχ, (D.9)

where IREχ ≈ −(1− α)γφuCovQ(σ2
s , ϕe

s).

iii. An optimal portfolio condition, stating that, for all (i, j) such that j ∈ Pi,

E
[
u
′
(Ci,s) Ra

j,sKs

]
= E

[
u
′
(Ci,s) Ra

i,sKs

]
. (D.10)

Proof. At the end of this section.

Proposition 5 provides a characterization of the optimal allocation. The main feature of the

solution is that the wedges in the Euler equations for investment and for the share invested in the

risky technology depend on terms capturing idiosyncratic risk externalities, analogous to those

in Propositions 2 and 3. The third condition characterizes the planner’s optimal portfolio. It

coincides with the condition for private investors’ portfolios that establishes the optimality of

equally weighted portfolios. Therefore, the optimal policy consists of correcting the investment

decisions instead of distorting investors’ trading behavior.

An important feature of the solution is that the wedges can be directly related to the two

regulatory instruments available to the planner, the tax benefit and the risk weights. Comparing

the investment Euler equation for the financial intermediary with the corresponding one for the
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planner, we obtain

Pddτd = IREI , d ≡ D
I

. (D.11)

Comparing the Euler equation for the share invested in the risky technology for the financial

intermediary and for the planner, we obtain

(ω1 −ω0)τdPd = IREχ. (D.12)

Proof of Proposition 5. Consider Program (D.6). The first-order condition with respect to Tw,s is

βEs
[
u′(Ci,s)

]
= Nµwu′w(Cw,s). (D.13)

The optimality condition for the portfolio allocation is

E
[
u′ (Ci,s) Ra

j,sKs

]
= E

[
u′ (Ci,s) Ra

i,sKs
]

. (D.14)

The first-order condition for I is

−u′(C0) + βE

[
u′(Ci,s)Ra

i,s
Kj,s

I

]
+ βE

[
u′(Ci,s)

∂Ra
i,s

∂I
Kj,s

]
+ NµwE

[
u′w(Cw,s)α(1− α)ΘαKα−1

s
Ks

I

]
= 0,

(D.15)

where
∂Ra

i,s
∂I = −(1− α)αθiΘα−1Kα−2

s
Ks
I .

Using the optimality condition for Tw,s, we obtain

1 = E

[
β

u′(Ci,s)

u′(C0)
Ra

i,s
Kj,s

I

]
− (1− α)E

[
β

u′(Ci,s)

u′(C0)

(
Ra

i,s − Rs
) Kj,s

I

]
(D.16)

= E

[
β

u′(Ci,s)

u′(C0)
Ra

i,s
Kj,s

I(1− IREI)

]
, (D.17)

given that the last term in the first equation is

IREI ≡ −(1− α)E

[
β

u′(Ci,s)

u′(C0)

(
Ra

i,s − Rs
) Kj,s

I

]
. (D.18)

From the optimality condition for the portfolio allocation, we can replace Ra
i,s by Ra

j,s, for any
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j ∈ Pi, in Equation (D.17), delivering Equation (D.8) from the proposition’s statement.

Last, the optimality condition for the share invested in the risky technology is

βE
[
u′(Ci,s)Ra

i,s ϕe
s
]
+ NµwE

[
u′w(Cw,s)α(1− α)ΘαKα−1

s ϕe
s

]
+ βE

[
u′(Ci,s)

∂Ra
i,s

∂χ

Kj,s

I

]
= 0, (D.19)

where
∂Ra

i,s
∂χ = −(1− α)αθiΘα−1Kα−2

s ϕe
s I.

Using the optimality condition for Tw,s, we obtain

E

[
β

u′(Ci,s)

u′(C0)
Ra

i,s ϕe
s

]
= IREχ, (D.20)

where

IREχ ≡ (1− α)E

[
β

u′(Ci,s)

u′(C0)

(
Ra

i,s − Ra
s

)
ϕe

s

]
. (D.21)

The approximations for IREI and IREχ are the same as in Section 3.
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